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Abstract

We consider two random populations and want to study the asymptotic behavior
of their genealogies, when the number of initital individual increases. Both popula-
tions are continuous-time Galton-Watson branching processes. The first population,
called catalyst, consists of individuals which do not branch independently. The sec-
ond population, called reactant, consists of individuals which branch independently
of the others but the branching rate depends on the number of catalyst individuals
alive.

For the description of the genealogy we use total mass processes, R-tree-valued
processes, contour processes and point-processes of MRCAs (most recent common
ancestors). We present weak limit results for any of these descriptions. Moreover
we discuss some results which are due to the catalytic structure, especially there,
where we are close to the extinction time of the catalyst.

The ideas and techniques used include R-trees with Gromov-Hausdorff metric,
excursion theory, Kingman coalescent, theory of one-dimensional diffusions and
Stochastic averaging.



Zusammenfassung

Wir betrachten zwei zufillige Populationen und wollen, im Falle steigender Anzahl
von Anfangsindividuen, das asymptotische Verhalten ihrer Genealogien beschrei-
ben. Beide Populationen sind zeitstetige Galton-Watson Verzweigungsprozesse. Die
erste Population, genannt Katalyst, besteht aus Individuen, die nicht unabhén-
gig verzweigen. Die zweite Population, genannt Reaktant, besteht aus Individuen,
die unabhéingig verzweigen, jedoch hingt die Verzweigungsrate von der Anzahl der
Katalyst-Individuen zu dieser Zeit ab.

Zur Beschreibung dieser Genealogien verwenden wir Totale Massen Prozesse, R-
Baum-wertige Prozesse, Konturprozesse und Punktprozesse von MRCAs (letzter
gemeinsamer Vorfahr). Wir beweisen schwache Limes Aussagen fiir alle diese Be-
schreibungen. Zudem besprechen wir einige Ergebnisse, die durch die katalytische
Struktur des Prozesses gegeben sind, besonders dort, wo der Katalyst fast ausge-
storben ist.

Unter den verwendeten Techniken und Ideen sind R-Bidume mit Gromov-Hausdorff-
Metrik, Exkursionstheorie, Kingman Koaleszent, Theorie eindimensionaler Diffusio-
nen und Stochastic Averaging.
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1 Introduction

1.1 History of branching processes

In the end of the nineteenth century the English Reverend Henry William Watson
raised the question of extinction of noble surnames within English society in an
article in an English journal. He supposed that due to life conditions the fertility of
well-situated families shrank and therefore the names disappeared. One year later
he and Francis Galton published jointly an article in the Journal of Anthropology
[WGT5] and took a mathematical approach to the question: In each generation a
father, who passes his surname to his sons, has probabilities pg, p1,p2,... to have
0,1,2,... sons. His sons, independently of each other, have the same probabilities
to have sons themselves as well. Galton and Watson came to the wrong conclusion
that almost all surnames would die out. Later it was corrected to the true assertion
that the surname almost surely dies out, when the expected number of sons is less
or equal to 1.

The model just described was given the name Galton-Watson process and in-
cludes the following characteristics, amongst others, to be noted here: It considers
a population consisting of individuals that live a certain given time and after that
have a random number of offspring. Additionally the process is

(i) time discrete,

(ii) Markovian,

(iii) counts the number of individuals not their relationships and
(iv) sons evolve independently of each other.

Clearly all of these four assumptions have some problems when applying to reality
or even do not seem rich enough in description:

ad (i): Time is not measured in generations but in years, so to get an idea about
what happens after 200 years, the model does not help.

ad (ii): If one father has already few sons due to genetic endowments, his sons might
also suffer lesser fertility. Therefore generations might rely on each other, so
the real evolution is probably not Markovian.

ad (iii): It is not possible to answer questions such as “When did the most recent
common ancestor of two individuals die?”
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ad (iv): Overpopulation decreases the amount of food and probably the number
of children, so the independence of all other individuals at the same time is
disputable. Also being the brother of ten other brothers makes it more likely
that a son will be be sent to the monastery instead of having a family.

During the last century many adjustments were made to extend the original
models. Some of the more recent models contain more information than the older
model of Galton and Watson. All of these extensions of the basic model are somehow
grouped together in the phrase Branching Processes.

In recent years some letters written by Bienayme were discovered, who already
took up the problem in 1849 and was able to give a correct solution to the problem.
More about the history of the (still-called) Galton-Watson processes can be found
in [[{en66] and [[Ken75] or in a talk by Peter Jagers [Jag09]. The classic books about
branching processes were written by Harris [Har61] and Arthreya and Ney [ANT72].

The applications of these processes exceed the problem of surname evolution and
include phenomena in physics, e.g. cosmic rays, or in biology, e.g. phylogenetic
trees. Here the applications will play no role, but for the sake of understanding of
the mathematics it is sometimes helpful to keep the “picture” in mind. Notation
and nomenclature will be influenced by possible applications as well.

Note that it is possible to consider higher information models and lower informa-
tion ones. Some keep track of all of the history, others only of the recent state. We
will say that the lower information model is a functional of the other one. Indeed we
will in a moment introduce a rather general model and consider various functionals
of it.

1.2 The Catalytic Branching Model with a modified
catalyst

In this diploma thesis the focus is made on a special kind of a population evolution
model. It will be a general model and differs from the aforementioned in several
points, e.g. in the fact that it considers two populations instead of one. We will call
them the catalyst n and the reactant £ and both are stochastic processes evolving in
time starting with one individual. Together they form the population model (n, ).
To get an idea of the process a short description is given before an exact definition:

(i) The catalyst n evolves like an autonomous binary branching process. That
means that each individual lives until the first jump of a time changed Poisson-
process. At this instant of time it dies and after death has zero or two offspring.
The sons evolve in the same manner.

(ii) For a given catalyst realization the reactant £ evolves like a binary branching
process:

e Each individual lives until the first jump of a time changed Poisson-
process. At this instant of time it dies and after death has zero or two
offspring. The sons evolve in the same manner.
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e This time change depends on the number of catalyst individuals present
at the current time. The more catalyst individuals are present, the faster
the reactant individuals branch. That is clearly why the populations are
called catalyst and reactant.

This description contains a lot of information and needs some clearer probabilistic
foundation. Hence we will give a more formal definition of a probability space on
which the previous description can be realized. The ingredients, “alarm clocks and
coins”, are already visible and they will become clearer in the exact definitions of
the catalyst and reactant to come. For alarms clocks we could use the a collection of
exponential waiting times but we will use jump times of Poisson processes instead,
which makes the formulation easier.

The names starting with ¢ or r are related to catalyst and reactant, respectively.

Definition 1.2.1 (The basic probability space):
Let (Q,F,P)=(Qc X Qp, Fe @ F,P. @ P,.) be a probability space, which contains

o a sequence N{, NS, ... of Poisson-1-processes,
o a sequence N{, N3, ... of Poisson-1-processes,
o q sequence C1,Co,... of 0,2 coin-tossing random variables, i.e.

P(Ci=0)=P(C;,=2)=1/2 and
o q sequence Ry, Ra,... of 0,2 coin-tossing random variables, i.e.
PRy =0)=P(R;1=2)=1/2,

all of which are independent.

When looking at the formal definitions to come it can be helpful to look at Figure
1.1. There both populations are given in a planar embedding.

We now describe the catalyst (7;):>0, where the total number of catalyst indi-
viduals at a time ¢ will be called n{°*. Let a function g : [0,00) — [0, 00) be given,
which shall be fixed throughout the paper. The catalyst starts with one individual
(ni°t = 1) and evolves as a Markovian process. This first individual faces a branch-
ing event at the first jump of NY( [, g(ni®*)/ntds) = N{( [, g(1)ds), say after time
t1. At this branching event ¢ this first individual has C; sons, i.e. either 0 or 2
sons. If C; = 0, the process is over since no more individuals are alive. In the case
C1 = 2 the first son is labelled son00, the second one son01. Then son00 branches
at _

the first jump of the process N2C(/ g(ntohy /mtotds), (1.1)
t1
with offspring C'5. The same for son0I. Forthcoming sons are given labels by adding
0 or 1 to the label of their father, so the first son is called son(label of father)0, the
second one son(label of father)1. The label does not play any role for their behavior.
To be a bit more formal define the following function

n
_ UnEN{O’ 1} —N ) (12)
(Wi, ywn) 20 w2t 4w, 20

When, for the sake of clearness, catalyst individuals are called csons = catalyst
sons, then the definition of the general catalyst process 7 is given by:
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Figure 1.1: A planar embedding of the process

X X
x X on X 011
000 r
000 X 001 r r001 [r010
c00 c01 ‘ g
c0 l r0
catalyst reactant

Definition 1.2.2 (The general catalyst process):
The catalyst (n:)i>0 is a continuous time process starting with one individual, called
cson0, where the suffix 0 is called the label. Each individual alive cson(label), born
at time tr(qaper), lives until the first jump time of the process

Neun ([ o)/ ds) (1)
tTr(label)

Then this individual branches, i.e. it has Craqper csons, either 0 or 2. In the
first case individual son(label) is called dead. Otherwise its two csons are called
cson(label)0 and cson(label)1.

Similarly the reactant is given by the following definition. Here the individuals
are called rsomns, b is a branching parameter and each of them branches faster if
there are more catalyst individuals “around”:

Definition 1.2.3 (The general reactant process):
For a given catalyst realization (n;)i>0, the reactant (§:)i>0 is a continuous time
process starting with one individual, called rson0, where the suffiz 0 is called the
label. FEach individual alive rson(label), born at time t;r(label)’ lives until the first
jump time of the process

N (tabet) (/, b ds). (1.4)

t‘rr(label)

Then this individual branches, i.e. it has Rrqqpery Ts0ns, either 0 or 2. In the
first case individual rson(label) is called dead. Otherwise its two sons are called

rson(label)0 and rson(label)1.

Be aware that 7, represents the whole catalyst evolution up to time ¢. By definition
the process n is Markovian, since any information needed for the further evolution
after time ¢ is available in 7;, namely the number of individuals at time ¢: n{°t. The
same is true for the reactant &, if a catalyst realization is given, and for the pair

(n,&) as well.

With the means of studying diffusion limits of the catalyst and the reactant,
rescaled versions of the previous processes are defined. The number of starting in-
dividuals of catalyst and reactant is increased to n, where n is a natural number.
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Each individual is given mass 1/n, so that the initial total mass is n x 1/n =1 for
catalyst and reactant. For the catalyst, time is sped up by a factor n as well. That
means the Poisson process runs n times the original speed.

To define the rescaled process more explicitly let the following modified labelling
function be given:

n {URGN{Lz?"'?n}X{O?l}k —>{1,27...,7’L}XN
Tl

. 1.5
(wo,wl,...,wk) — (u)o,?k—i-lek*l—i----—i-kaO) ( )

With this labelling at hand it is clear how the formal ingredients of the rescaled
process need to look like.

Definition 1.2.4 (The rescaled catalyst process):
The rescaled catalyst n™ = (n9")i>0 s a continuous time process on the proba-
bility space (Q™, F", P"), which consists of n independent copies of the probability
space defined in Definition 1.2.1. It starts with n individuals called csonl, cson2,
... csonn, where the suffiz is called the label. Each individual alive cson(label), born
at time trn(iaber), has mass 1/n and lives until the first jump time of the process

Nertapen (7 / g(nm) /ot ds). (1.6)
7 (label)

Then this individual branches, i.e. it has Crngapery csons, either 0 or 2. In the
first case individual son(label) is called dead. Otherwise its two csons are called

cson(label)0 and cson(label)1.

For the reactant one needs to remember that the branching behavior depends
on the number of catalyst individuals alive at a certain time nn;®™. Therefore
the rescaled reactant is given by the following definition, where time needs not
to be rescaled since the speeding up will be automatic by the number of catalyst

individuals alive:

Definition 1.2.5 (The rescaled reactant process):
The rescaled reactant £" = (£ )i>0 is a continuous time process on the proba-
bility space (Q™, F™,P™), which consists of n independent copies of the probability
space defined in Definition 1.2.1. It starts with n individuals, called rson0, rsonl,
... rsonn, where the suffiz is called the label. Each individual alive rson(label), born
at time t;r”(label)’ lives until the first jump time of the process

N7 (1aer) (10 // bn>t" ds). (1.7)

tw"(label)

Then this individual branches, i.e. 1t has Rqnapery Ts0NS, either 0 or 2. In the
first case individual rson(label) is called dead. Otherwise its two sons are called

rson(label)0 and rson(label)1.

Remark 1.2.6:
When speaking about rescaled process, then the probability space (Q, F,P) does not
suffice. In fact we introduced (2", F",P™), consisting of n independent copies of
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the original probability space. In order to avoid confusion, this overload of notation
m e.g. P, will be suppressed in most parts of the paper.

For the understanding it is often helpful to have the planar embedding as in Figure
1.1 in mand. &

The definitions so far have given a description of the process, but yet there is no
embedding into a good state space. We do this in the next section and want to
present some functionals of the process.

1.3 Functionals of Branching Processes

By the definitions of the general process (n,£) a full genealogy of catalyst and
reactant is given. But instead of looking at the process (1,£) in general certain
functionals of it will be considered, which live in some reasonable state spaces. Four
different functionals are used and considered following | |, when looking at
the non-rescaled processes:

The total mass, Chapter 2: It is close to the classical Galton-Watson idea, since
the process at time ¢ is the number of individuals of the respective types at
time ¢. The state space is N2. The process is indicated with a superscript tot:

n' " and €%, (1.8)

The random tree, Chapter 4: Tt encodes the genealogy evolution up to time ¢ into
a metric space, called an R-tree, which evolves in time. It is in fact like a
genealogical tree, where the life times are made distances. State space is the
set of R-trees. The notation will be

nr and ¢ (1.9)

The contour process, Chapter 5: It is possible to code the full genealogical tree
up to a fixed time ¢ by a continuous real-valued function, when a linear order
is put on the individuals, i.e. it is possible to distinguish the first and the
second son. State space is (g )[0,00). This process will be

B and C. (1.10)

The point process, Chapter 6: For a given time ¢ > 0 consider the extant individ-
uals at time ¢. Any pair of them has a most recent common ancestor (MRCA).
Collect labels and death times of the MRCAs and make points in the product
space set of labels x[0,t). These random points constitute the point process
description. State space is the set of integer-valued measures on labels x [0,1).
It will be denoted by

II* and = (1.11)

These functionals were put in an ascending order in concern of information. In
fact the last two descriptions contain the same information as the general process
(n,€). Hence one could also start from the description given by the contour process
or the point process. Starting from there one could also find the way to the other
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descriptions and we would end up with the same process. So the processes (n,¢),
(B,(0), (I1, Z) are just different sides of the same coin. As intuition and the relation-
ship to Galton and Watson’s ideas would have been lost, this path of representation
was not selected. The first two functionals contain less information than the general

process (1,§).

1.4 Main goals, methods and tools, quenched vs.
annealed and context

1.4.1 Main goals

First of all we are interested in obtaining asymptotic results for the random ge-
nealogy of the reactant, especially the random tree that was the 2nd functional
mentioned before. For this purpose we require the help of other functionals given
in the previous section. For some questions it is helpful to use the contour process,
for others the point process has advantages for the calculations.

The asymptotic results are comparable to diffusion limit results. For example
the functional limit theorem for Brownian motion, where a rescaling of space and
time gives a limit object (for Brownian motion: space-time rescaled random walks
converge to Brownian motion). For each of the functionals a scaling as given in
Definitions 1.2.4 and 1.2.5 is done. The rescaled processes will be given a superscript
WK

n
We will be able to show that there exist diffusion limits

e for the total mass process (nt, £%),
e for the reactant tree-valued forest £,

e for a truncated reactant contour process C° and

e for the reactant point process Z.

One might wonder why there are only results for the reactant processes and not
for the catalytic ones. So far there are no results for the catalyst in the literature,
since the proofs for the reactant rely heavily on the independence of the individuals
and this is only given for the reactant.

During all of this work we will link the different functionals, e.g. we will compare
reactant limit contour and reactant limit point process.

Finally we want to establish some comparison results between reactant trees and
ordinary Galton-Watson trees in the diffusion limit.

1.4.2 Organization of the diploma thesis, methods and tools

The diploma thesis is separated into two parts: a first part where the results are
presented and a second part where the proofs are given. Each chapter containing
the results is related to a chapter containing the corresponding proofs. In order to
obtain these results several techniques are used throughout this diploma thesis.

The ideas for Chapters 2 and 7, describing the total mass process, consist of stan-
dard probability theory, including Markov processes and martingale problems. One
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can consult [RW79], [KS00] and [FK&6].

The chapter about the tree-valued process (Chapters 4 and 8) relies on the defi-
nition of real trees, where a superb introduction is given in [EPWO06] and [EW06].
The techniques used in these chapters make use of the Kingman coalescent [[{in82]
and its connection with trees, e.g. in [DI<96].

The contour-process chapter (Chapters 5 and 8) is strongly related to the tree-
chapter and hence its proofs are joined in one chapter. For some introduction see
e.g. [NP&9] or [LGOG] and some proofs require martingale problem methods, e.g.
Stochastic averaging as in [[<ur02].

The point process chapter (Chapters 6 and 9) uses some elementary understanding
of Poisson point processes as given in [RY 01, Chapter XII.1]. The techniques for
the proofs are Poisson approximation, local times and excursion theory as given in
[RW79, Chapter VL.57].

1.5 Catalytic branching

In this closing section of the introduction we speak about an important characteristic
of the catalytic branching scheme and the context into which it can be put.

1.5.1 Quenched vs. annealed

An important feature for the analysis will be the following observation. There are
two different possibilities to understand the catalytic branching processes and to
establish the limit results for the reactant functionals mentioned in the previous
subsection:

Since the catalyst evolves autonomously one could first let the catalyst run. Then
the catalyst gets frozen = quenched and for each catalyst sample path a reactant
evolution is started. It is like conditioning on the catalyst total mass process, where
some justifications will be given later. This conditioning will be called quenched
analysis.

On the other hand we can let the process (n*°%, £) run aside. This is possible since
the evolution of £ at time ¢ depends only on the catalyst total mass at time ¢: nf°t.

This is called annealed analysis.

1.5.2 Context

The formulation itself can be brought into a wider context of processes with two
(or more) populations. The catalyst-reactant scheme is somewhere in the middle
of the independent branching scheme and the mutually catalytic one. In the next
table the different names and references are presented, where A and B are stochastic
processes and A — B means “A influences B” and so on.
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name ‘ relation ‘ ibr. A ‘ ibr. B ‘ Papers
independent A B At At any branching
catalytic A— B At AAt || I, 1 |
catalytic, modified catalyst | A — B “A—’?)At A At this paper
mutually catalytic A< B | BAt AAt [ ]

Here “i.b.r.” denotes the branching rate per individual. In the top and bottom cases
also a modified version might be of interest.



Part |

Definitions and Results



2 The total mass process (n', £"Y)

This section is devoted to considering the total mass process of the catalytic branch-
ing process defined in the introduction. Proceeding from that definition the first
section presents a definition of the total mass process. That means that we are
going to look at the process counting the number of now-living individuals.

Within the first section we will set conditions on g, the branching modification
of the catalyst, which will be valid throughout the diploma thesis. In the second
section the corresponding diffusion total mass process will be presented. As a final
result we will establish a diffusion limit theorem between the discrete process and
the diffusion. The whole chapter is independent of the introduction in one sense
that we could also start with Definition 2.1.1.

All proofs are given in chapter 7.

2.1 The catalyst and the reactant total mass process

We recall the definition of (7,£) from Section 1.2 in the introduction. Each catalyst
individual has attached an alarm clock ringing after an exponential time and then

it branches. At time ¢ there are n{°® catalyst individuals alive. The first branching

event of one of them happens after the minimum of these 7{°* exponential times, i.e.
for the catalyst after the first jump of N°( [, g(ni°*)ds). Then one individual dies
(the one where the clock rings) and gets replaced by 0 or 2, i.e. total mass increases
by 1 or decreases by 1. For the reactant similar ideas hold true and thus we get the

following description:

e The total mass functional ('t &%) of the general process, is an N2-valued

Markov-process. The first coordinate 1*°t is the catalyst total mass, the second
coordinate &% is the reactant total mass. Both processes will have the struc-
ture of a critical binary branching process, i.e. in a branching event catalyst
mass increases by 1 or decreases by 1.

e The catalyst 1*°* emerges autonomously like a classical continuous-time Galton-
Watson process, but with a reproduction function g : [0, 00) — [0, 00), which
shall only depend on the individuals at time t, but not on time explicitly.
That means that if there are n individuals alive then the reproduction rate is
not like in a normal Galton-Watson-process n, but g(n), i.e. the probability
of a branching event occurring between time ¢ and t 4 s is

t+s tot
[ st et e a
t

for small time steps s.

e The reactant £ evolves depending on the catalyst. The probability of a branch-
ing event taking place in the reactant population between time ¢ and ¢ + s
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t+s
/ b?]tOt (u)étOt (u)efbntot (u)€t°t (u)u du.
t

Hence we write down the following definition of the branching process.

Definition 2.1.1 (The discrete total mass process): (i) The catalyst total mass
process 0 = (nf°)i>0 is a critical binary modified Galton- Watson-branching

process started in 1 with branching modification g € C([0, 00), [0,00)):

mt 41
ot = (i 1) - o each at rate $g(ni°"). (2.1)
fot _

(i4) For a given catalyst n'°' the reactant total mass process £ = (£°%)>¢ is a
critical binary time-inhomogeneous branching process started in 1 with branch-

ing rate bn°t:

tot tot '+ 1 1 tot ¢tot
ot — ot . 1 ot ¢to
0= (45 1) — grot 1 each at rate 5bn° &% (2.2)
Remark 2.1.2: e Even if throughout the paper we will speak of branching pro-
cesses, when considering the catalyst, an tmportant feature which “character-
1zes” branching behavior is lost by introducing the modification g: independence
of the individuals.
The evolution of one catalyst individual relies on the number of other individ-
wals alive by the function g. Only if g is linear we have independence of the
catalyst individuals. The reactant, however, evolves as a branching process.

o The reactant branches in an “environment” given by the catalyst. The question
arises arises whether this branching is somehow connected to what is under-
stood as “branching in random environments”, i.e. the branching events arise
as in continuous-time Galton- Watson branching, but the offspring distributions
are random. We do not discuss that question deeper, but refer the reader to
/[ | for elementary results about that question.

e The definition describes behavior in small time steps. Indeed this will allow us
to denote a pre-generator Uy. This pre-generator defines a uniquely determined
process (0™, £°Y) | for a broad range of g. Hence the definition given is detailed
enough. This is made more precise in Lemma 2.1.6.

<&

In the definition of the catalyst the function g emerges. In the forthcoming we
will specify this function but let us first mention that we will already consider g
defined as a function for all x > 0. This might seem cumbersome since so far we are
only dealing with an integer-valued process, but later we will scale the masses of the
individuals from 1 to % Then the state space becomes (%N)2 and then it makes
sense to already have a function defined for all non-negative real numbers rather
than non-negative integers. Additionally we require some more “local” properties,

which are useful in the diffusion limit approximation.
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Condition 2.1.3:
Let g : [0,00) — [0,00) be a function, which satisfies the following criteria:

(G1) g locally Lipschitz-continuous on [0,00),
(G2) g(z) =0< =0 and 3go > 0 Fxg s.t. g(xr) > go YV > w0,
(G3) 3C >0 and a € [0,2) s.t. g(x) < C(1+4 z%) and

(G4) 30<B<1,d >0st lim, oZ5 =c .

For some justification of these conditions, we refer the reader to Section 7.1.1.
Only let us mention that G2 and G3 let the catalyst total mass live in a world
between Brownian motion with absorbing boundary at 0 and Anderson diffusion.

We will sometimes speak of the usual conditions on g.

As already mentioned before we are interested in the behavior of rescaled pro-
cesses. Here we give the definition of the rescaled total mass processes. We will
do time and space rescaling as when considering random walk limits for Brownian
motion. Here time is related to time and space is related to individual masses.

e For the space rescaling we will consider the mass of one individual as m = 1/n,
but starting at time ¢ = 0 with total mass 1, each for catalyst and reactant.
Therefore n starting individuals are present at time ¢t = 0. So if we call "
the rescaled catalyst total mass and £©°%" the rescaled reactant total mass, we
start with:

"t =1, &0 = 1. (2.3)

e The time rescaling is a bit different. Bear in mind that the number of cata-
lyst individuals is given by nn*“" and the number of reactant individuals is
ngtot,n_

— The time rescaling for the catalyst is given by speeding up by factor n.
Note that there are nn*%" catalyst individuals. All of them have assem-
bled a Poisson-processes running with speed ng(n'°") /nt°". Hence the
first jump, the first branching, arises after an exponential n2g(ntm)-
time.

— There is no time rescaling for the reactant. There are n&'°%" reactant
individuals and each of them has a Poisson-process with nbn'*t"-speed
assembled. Hence the first jump, i.e. the first branching emerges after
an exponential n2bntotnetotn time,

The oncoming definitions can be made on the probability space as given in Defi-
nitions 1.2.4 and 1.2.5.

Definition 2.1.4 (Rescaled total mass process): (i) The rescaled catalyst total
mass process ntot" = (nIOt’n)tEO 1s a critical binary modified Galton-Watson-

branching process started in 1 with branching modification g € C([0,00), [0, 00)):

tot,n 1
nIOt’" = (nEOt’"; %) — {ZiOt’n " each at rate %Qg(ngm’n). (2.4)
t T n
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(i1) For a given catalyst n*°“™ the rescaled reactant total mass process 0" =

(&°"")i>0 15 a critical binary time-inhomogeneous branching process started

in 1 with individual branching rate nn®"

‘n tot,n

tot,n 1

tot,n __ setot,n, 1 t n n2 3 tot,n tot,n

&0 = ( =) { t each at rate by, TETT (2.5)
t T n

Remark 2.1.5:

It is worth having a look at the scaling idea of the catalyst with branching modification
g. Consider sample paths for different n, so a different individual mass. By the
definition just made we think of the branching behavior not changing for constant
total mass of the process. That means if we change n, then the branching behavior is
only dependent on the total mass of the catalyst n*°%", since g is directly a function
of the catalyst total mass. Hence the catalyst individuals evolve like in a medium
given by the total mass of the catalyst.

Another possibility of scaling would be to think of the branching behavior depending
on the number of catalyst individuals alive. That means for mass m = % to think
of ng(nn*™“™) as the catalyst’s branching rate. This might match more the idea of
the reactant’s behavior, whose branching events are determined by the number of
catalyst and reactant individuals alive. But clearly for convergence (given the time
rescaling) it is crucial that either the rescaling depends on the oco-close behavior of
g or we restrict ourselves to g(x) = O(x). Hence one either needs to adapt the time
rescaling or restrict oneself in the choice of functions g. O

After the definitions it is time to speak about existence and uniqueness of the
total mass catalytic branching process.

Lemma 2.1.6: There is a unique process (n®°" €4 (up to indistinguishability)

with sample paths in the Skorokhod space Dgs [0,00) satisfying the definitions (2.4)

and (2.5). Moreover (n'°®" £©%") 4s a martingale and a Feller-process.

This existence and uniqueness theorem also holds for the process defined in Defi-
nition 2.1.1, as then n = 1. The proof is done by denoting a generator corresponding
to the jump process behavior given in the definitions. This generator can then be

). The proof can

shown to create a strongly continuous contraction semigroup St(n
be found in Lemma 7.2.1 with the help of Section 7.1.2.

With the lemma at hand we will henceforth only talk about the modification with
cadlag paths. As the process is a Feller-process, there exists a Feller-semigroup,

which we will denote by

S f(w,y) = B[f (", €0 it = 2, €00 =y, (2.6)

when f € Cop(R?,R) and z,y € R?.

From the definition of the processes it is obvious that if the catalyst or the re-
actant reach 0, they never leave again. As we consider a branching process, the
discrete (time) theory says that extinction depends on the expectation of the off-
spring distribution. For the catalyst we have the following lemma:
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Lemma 2.1.7: Every (discrete) catalyst process, defined as in (2.4) with g satis-
fying the usual conditions dies out almost sure, i.e.

T .= inf{t > 0: n°"" = 0} < 00 a.s. (2.7)
and 0 is an exit boundary.

The proof of this lemma is given in Lemma 7.3.1.
We face a special problem, when the catalyst reaches zero: Not only the catalyst
branching rate is zero, but the reactant branching rate is zero as well. So there will
not be any more branching events. From that point on, the process is frozen, i.e.
the catalyst stays in zero and the reactant will remain constant. This point will be
of great importance throughout the diploma thesis.

Remark 2.1.8:

With the previous lemma at hand we already know that almost surely only a finite
number of branching events take place for catalyst and reactant up to time T™P,
since T™0 < oo almost sure. &

2.2 The diffusion process (X,Y)

Like Brownian motion can be introduced as a diffusion limit of simple random walks
with appropriate time- and space-scaling, the total-mass-process (n*°', £%) has a
diffusive limit process. By a look at Definition 2.1.4 we get an idea of what the
generator for the diffusion could look like. We will define the diffusion process now
by means of a system of SDEs. Later we will also discuss the process as a solution
to a martingale problem.

Let a probability space (Q,f ,f’) with two independent Brownian motions be
given.

Definition 2.2.1 (The diffusion total mass process):
A diffusion total-mass process (X,Y) is given as a solution of the following system
of SDEs

dX; = /g(Xz) dW}, (2.8)
dY; = \/bX,Y; dW2, (2.9)

where W1 and W? are two independent Brownian motions.

The first question is, if there exist solutions for this SDE-system at all. Here
the catalyst-reactant-type of the problem helps obtaining a positive answer. We
will show that there exists a strong unique solution X for equation (2.8), since g is
locally Lipschitz-continuous. That means for any Brownian motion path W1(w) on
a probability space (2,4, P) there exists a path X (w) which solves the catalyst’s
SDE for this specific w € 2. Then we can solve (2.9) for this single path X (w) and
we get a strong unique solution for the second equation.

This means that given two independent Brownian motions W' and W? there
exists a strong unique solution (X,Y") for the SDE system. So the Definition 2.2.1
gives a well-defined total-mass-diffusion process (X,Y) for two independent Brow-
nian motions on a given probability space:
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Lemma 2.2.2 (Existence, uniqueness and Feller-property of the diffusion total
mass): If g satisfies Condition 2.1.3, the total-mass-diffusion-process (X,Y) is a
continuous unique strong solution of (2.8) and (2.9). Moreover (X,Y) is a Feller
process and we denote the Feller-semigroup as (St)¢>o:

For z,y € RJra f € CO(R?HR) : Stf(xay) = E[f(Xt,Y;fNXO = JT,Yb = y] (210)

The proof of this lemma is split in several parts and can be found in Chapter 7 in
two different sections. The first (Section 7.4) is showing existence and uniqueness
according to the program presented before stating the lemma. The second section
(Section 7.6) deals with the Feller-property. It is proven in several steps via coupling
arguments using the catalytic setting of the system.

As we now know that there exists a unique strong solution, we can also speak of
the total-mass-diffusion process. The process (X,Y) could have been introduced as
well as a solution of the martingale problem (U, d; X d1), where U is given by

0? b 9?
U a0) = 50la) g5 o) + javg 1 (o), .11)

for f € C3(R%,R).

Proposition 2.2.3: The total-mass-diffusion process (X,Y') is given as the unique
solution of the martingale problem (U, 6, X 6y), i.e. (X,Y) is a process, s.t.

t
£ - [ A Vs, (2.12)

is a P -martingale for any given f € Cg(Ri,R), where P is the law related to X
and Y on Cg> [0, 00).

There is a result, similar to the one given for the discrete setting, describing the
extinction behavior of the catalyst:

Lemma 2.2.4 (Extinction of the catalyst total mass): Every catalyst process X
with g satisfying the usual conditions dies out almost sure in finite time, i.e.

0 :=inf{t >0: X; =0} < 0 a.s. , (2.13)

and 0 is an exit boundary for X.

After this extinction time, the reactant will remain constant, which is obvious by
the Strong Markov property of the process. The proof of this lemma relies mainly
on looking at the speed measure of the catalyst.

As in the lemma just before we will sometimes only consider one coordinate of
the pair (X,Y). In this case we will not always be totally stringent in description
and will just say “the reactant process” Y, but we will understand “reactant process
Y for a given catalyst X.



2.3 Convergence of the total mass process to (X,Y) 18

2.3 Convergence of the total mass process to (X,Y)

The main result of this chapter states the convergence of the discrete total mass
process (n%H7 £©61) to the continuous total mass process (X,Y). It is the first
step towards obtaining “asymptotic results” for the catalytic branching process.
As both processes have cadlag paths, they both induce a measure on the set of
cadlag paths DRi [0,00). This space equipped with the Skorokhod-metric d°* is
a complete and separable metric space. Then the set of probability measures on
(D]RQ+ [0,00),d%) can be equipped with the Prohorov metric (for more, see [186,
Chapter 3]). The Prohorov metric generates a topology on the set of probability
measures on DRi [0, 00), for which the following theorem needs to be understood.

Theorem 2.3.1 (Weak convergence of the total masses):
When g satisfies Condition 2.1.3, then

L[(ntebm ot —= L[(X,Y)] as n — oo, (2.14)

where convergence is weak convergence in the path space DRi [0,00).

The proof is done by applying some martingale problem results from the book of
Ethier and Kurtz [[/1<80]. As an easy consequence we get the following corollary:

Corollary 2.3.2 (Convergence of catalyst killing times): The catalyst killing times
converge weakly as random variables on the state space Ry :

LT = L[] as n — oo, (2.15)

PROOF: This is true by convergence of the finite dimensional distributions of 7®%"
to X: Let t > 0:

P(T™0 <1) =P(n™" = 0) = P(X, = 0) = P(r" <t) (2.16)
0

As always when having weak convergence we can create a probability space where
almost sure convergence holds. Formally this can be done by Theorem 3.1.8 from
[EK86]:

There is a realization of 7™ and X on a probability space (€, F,P) such that
for a given T > O:

lim sup |n°"" — X,| =0, (2.17)
n—00 1<

Note that the Skorokhod metric was not used here, but the metric induced by
the oo-norm on the compact set [0,7]. This is possible since the catalyst X is
continuous.

By these considerations it is possible to attach a (general) reactant process to the
catalyst. That means for each w € Q we find reactants £”(w) s.t. £(w) is a reactant
process for a catalyst with total mass process n*°""(w). That is the basis for the
quenched analysis and we give a definition of this probability space, which is given
a product structure.
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Definition 2.3.3 (The quenched reactant process):
For each n € N let the probability space (Q x Q?,]—i ® .7:;‘,1~3 ®@ P be given. It
supports catalyst total mass processes n'°“* for each k € N, a limit catalyst total
mass X and the general reactant process £", which is defined as in Definition 1.2.5.
Additionally it holds

lim sup | — x| = 0. (2.18)

k—o0 t<T



3 The real tree

To describe the genealogy of branching processes some tree-like-structure is needed.
With this aim in mind in a first section motivation and definition of real trees
are given. Next some simple properties and operators on real trees are defined.
Additional concepts such as linearly ordered trees are treated in a third section.

3.1 Definition of the real tree

3.1.1 The graph-theoretical tree and definition of the real tree

This section is devoted to show that the concept of real trees (R-trees) is a good
way to describe a genealogy. Think of a genealogical tree of an ordinary binary
continuous-time Galton-Watson process starting with one individual. It consists
of a set of vertices V representing the individuals and edges E representing the
relations between fathers and sons. One vertex root € F is distinguished as the
first individual. Additionally we know the lifetime of each individual, so somehow
a function L : V — [0,00). This is all the information we want to have for the
tree-valued process and it is coded into

e a graph-theoretical tree (E, V),
e aroot p € E and
e a lifetime function L : V — [0, 00).

This concept of representing a genealogy contains some difficulties. Who are the
individuals being alive 100 years after the start? One needs to add up lifetimes of
all ancestors to get the actual time. The clue which helps is to use the edges for
more. One has to switch a bit ideas: Up to now the vertices were understood as the
individuals, now the edges will be the individuals, the vertices are the birth-and-
death (or branching) events. That means the root individual is related to an edge,
which either ends (0 sons) or splits into two edges (two sons) and so on. As before
we assemble the lifetime of each individual to its edge. A good way to do this is
not just to introduce another function L : E — [0,00), but to use the fact that the
one-dimensional edges can code the lifetime much better than the zero-dimensional
vertices. So we introduce distances: length of the father edge =lifetime of father.

This concept is rather something analytical than graph-theoretical. We have an
object, the genealogical tree with distances and it will be the right idea to consider
metric spaces that have a tree-like shape. These metric spaces are introduced now
and get the name R-tree or real tree.

Definition 3.1.1 (The real tree):
A complete metric space (T,d) is called an R-tree if it satisfies the following two
conditions:
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o For every x,y € T there exists a unique isometric embedding
¢:v,y : [O’ d(xay)] - T, (3].)

such that ¢, ,(0) = = and ¢, (d(x,y)) = y.

e For every injective continuous map v : [0,1] — T, it is true that
Y([0,1]) = Py(0),0(1) ([0, d(1(0),1(1))]). (32)

The first condition in fact says that the tree is one-dimensional and that all points
are connected by a continuous path in the tree. The second condition guarantees
that there are no loops included in the tree. So in fact this definition gives what
one might suspect to be a tree.

There is an equivalent definition which says that a metric space (7, d) is an R-tree
if it is path-connected and satisfies the four-point-condition. The latter means that
for all x1,...,x4 € T it is true that

d((L‘l, xg) + d((L‘g, .734) < max{d(xl, .%'3) + d((L‘Q, $4), d(.%'l, .%'4) + d((L‘Q, xg)} (3.3)

If T contains a point p, called the root, then we will say that (T,d, p) is a rooted
R-tree. Yet this point p does not need to have any special properties.

It is now possible to think of the set of all rooted R-trees. In fact a lot of them will
be “the same” in the sense that for two rooted R-trees (1%, dr,, p1) and (1o, dr,, p2)
there exists an isometric isomorphism ¢ : T} — T5, s.t. ¢(p1) = p2. Therefore we will
denote by TT°! the set of all equivalence classes of rooted R-trees. Henceforth we
will not distinguish between a member of an equivalence class and the equivalence
class itself.

For more about real trees consult [ I, [ Jor | ]

3.1.2 Extended definitions of real rooted trees and genealogical trees

For a rooted R-tree some more terminology is used. The motivations for the names
comes from tree-ideas or a genealogical point of view, which should be kept in mind
for further considerations.

Definition 3.1.2 (Tree terminology):
Let (T, d, p) € T™° be given.
o Write [z,y] for the set
be,y([o, d(x’ y)])a (34)

which is the unique path connecting x and y. Sometimes the term geodesic is
used for this path.

e The path [p, ] connecting the root p and an arbitrary point x € T is called an
arc.

o [f x € T 1is such that no other points lie beyond x, i.e. if for any y € T:
x € [p,y] = x =y, then x is called a leaf.
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o For two points x,y € T there are the two paths going to the root and the point
where they first meet is denoted by x Ny. This point is called the most recent
common ancestor(MRCA). Clearly this point is defined well, since there are
unique geodesics.

e The degree of the root is defined as the number of different edges leaving the
root, if there are finitely many. Otherwise the degree is 0.

There is a construction which allows to “build” trees, which we describe in the
following remark.

Remark 3.1.3 (Gluing together rooted trees):

Let two rooted R-tress (Ty,dr,,p1) and (Ta,dr,, p2) be given, where the tree sets
T1,T5 are disjoint. The second tree Ty shall be glued to a point a € T4, and this new
rooted R-tree is called (T, d, p), where clearly T =T, U Ty, p = p1. Additionally the
metric d is defined to be the metric of single trees if both points are contained in
either Ty or Ty and to be d(x1,x9) = di(x1,a) + da(p2, x2) for x1 € Th,xo € Ty. It
can easily be checked that this construction still is a rooted R-tree. &

Consider a family history with a starting individual and known lifetimes of each
individual until it vanishes and has an offspring. Then it is possible to construct
a rooted R-tree T representing the family history by giving to each individual a
rooted R-tree, (in fact only a line with length equals lifetime) which is then glued
to the ancestor’s death point.

By this construction we get a rooted R-tree, were the root p is the birth point
of the starting individual. The distance within the tree is the so called genealogical
distance metric dgen, represented for two points z,y € T by:

dgen(,y) = d(x, p) + d(y, p) — 2d(z Ny, p), (3.5)

where d(z, p) is the “age” of x, measured from the birth of the first individual on.
The very simple tree consisting only of a line with a certain length will in the
forthcoming sometimes be called line segment of length L. By this is meant a rooted
R-tree (7', d, p) with a leaf point ¢, s.t.: T = ¢,([0, L]).

3.2 Operators and properties for rooted real trees

On the set of rooted trees T™°' some operations are required. Later some basic
properties about this set of real trees will be given.

Definition 3.2.1:
For (T,d, p) € T*° define:

(i) the height h(T) = sup{d(p,z) : x € T'},
(ii) the cut operator @ : T — T which cuts the tree at height t:
Qt(Ta d, p) = ({x eT: h(x) < t}a d, 10)’ (36)

(iii) the border operator 9Q; : T — {set of labels}, which takes all elements of
the tree with height t:

0Q(T,d,p) ={x €T : h(x) = t}, (3.7)
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(iv) the e-trimming S, : T — T of T':
S(T)={ptU{z eT:IyeTst.xecpy] and d(x,y) > €} (3.8)

There are some possible ways to make the space T™°" a metric space. One way
is to start with the Hausdorff metric dy for compact subsets A and B of a single
metric space (X, r):

dy(A,B) :=inf{e >0: B C A°, A C B} (3.9)

where A = {z € X : r(z, A) < €}. Two rooted R-trees are metric spaces themselves
and do normally not “live” on a common metric space. So for comparing two trees we
need to embed them in a common metric space (Z, dz). It is useful to remember that
we were only going to think of root-invariant equivalence classes of trees. The rooted
Gromov-Hausdorff-distance between two rooted trees (T4, dr,, p1) and (Ts,dr,, p2)
is defined by:

A reoored (T1, Ty) := inf{d2)(T) T3) v dz (0, o)}, (3.10)

where the infimum is taken over all rooted R-trees T7, T4 that are root-invariant
isomorphic to 17,75 as metric spaces and that are subspaces of a common metric
space (Z,dz).

With this metric at hand we will list some results which were proven in [P W0(]
and can be found as Theorem 2, Lemma 2.5 and Lemma 2.6. They are put together
in the following proposition

Proposition 3.2.2: e The metric space (T d¢:rootea ) is separable and com-
plete.

o A subset T C T™° is pre-compact if for every e > 0 there exists a positive
integer N (€) such that each T' € T has an e-net with at most N (€) points. An
e-net for T is a set of points in T, s.t. that every x € T is e-close to at least
one of these points.

e For any (T, p) € T
dG’Hrooted (T, SE(T)) S €. (3].].)

Later on we are going to consider “rescaled populations” in the sense that we will
start with n individuals. Thus we need to consider various trees but the following
remark tells that this does not make a new definition necessary:

Remark 3.2.3 (The forest):

A set of real trees {(T;,d;, p;) : i € I} can be put together into one real tree (T, d, p)
by gluing together all the trees to the new root p. The distance between p and p;
18 chosen to be a non-negative constant. Such a set of trees is called a real forest.
But the techniques for handling it are the same as the ones for trees by the previous
considerations. O

More advanced ideas about rooted trees can be found in [EPWO06] and [GPWOT].
In the latter additionally a measure on a tree is given in the definition of metric
measure spaces. We do in fact not need this more advanced description, but for
somebody interested in a dynamic description of the oncoming processes we refer
to that paper.
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3.3 Linearly ordered rooted real trees

Real trees do so far not allow to distinguish “family names”. That means, if two
trees are mirrored copies of each other, then they are considered the same. If
one assembles labels to the vertices of the tree then the before “same” trees might
differ. Hence this is a possible way to create a higher information functional than
an ordinary real tree. In this section we are not too deeply interested in an exact
labelling, but we are satisfied to have an ordering on these labels and consider only
this order relation. We will indeed give an ordering for all elements of the tree not
only for single arcs.

Therefore we will think of ways to characterize an ordering on the tree. This will
be necessary for the contour process and the point process given in later chapters.
In fact we will see that we just extend the ordering given as suffixes of the sons (e.g.
son011001) in Definition 1.2.2 and 1.2.3.

The first intuitive idea of an order is to define that x <paial v if z € [p,y], but
of course this only compares points on the same arc from the root, so it is a partial
order. But we will require that the total order respects this partial order. The
second idea is that when thinking of traversing the tree along the ordering then
an already started subtree should be “finished” before starting to traverse the next
disjoint subtree.

Definition 3.3.1 (Rooted, linearly ordered trees):
The metric space (T,d, p, <yn) is called a rooted, linearly ordered R-tree, if (T, d, p)
18 a rooted R-tree and the linear order <y, on T respects for all x,y € T:

(Z) [fx Spartial Y, then x <lin Y-

(i) If x <jin y and for any o'y’ € T, s.t. © Ay <partial ' A2 and T A Y <partial
Y Ay, then o’ <yn y'.

Troot,lin )

The set of equivalence-classes of such trees is called Clearly the isometry

here is required to conserve the linear order.

Additionally we will say that a rooted, linearly ordered R-tree is finite, if it has

only finitely many branch points. The set of all these trees is then denoted by
root,lin

T, .
The operators given in the previous section are also defined here. It is often

helpful to think of a planar embedding of the rooted linearly ordered tree where the
order is “left-to-right”.

One should note that the set of “unordered” trees can be embedded into the set of
ordered trees by putting a random ordering on all trees. So ordered trees are more
complicated and therefore can somehow “store” more information. This will come
back to our mind, when we look at the contour process and the point process on
one side and the random tree on the other side.



4 The tree valued process (niF, £°7)

In this chapter the tree-valued catalytic branching process will be introduced. For
this the concept of R-trees, developed in the previous chapter will extensively be
used. In a first section the definitions for the tree-valued catalyst and reactant
random-variable are made. Rescaled forests, i.e. collections of trees, are presented
in a next section. Then we will talk about basic properties and a convergence result
for the reactant tree process. A last section contains a result comparing the reactant
tree with the classical Galton-Watson forest.

This chapter is the “core” of the diploma thesis since it states results about the
asymptotic genealogy of the catalytic branching process. All proofs are given in
Chapters 8 and 9.

4.1 The catalyst and the reactant forest

In this section we are interested in describing the catalyst and the reactant forest
in the discrete setting.

It is tempting to write down a description of the tree-valued reactant process as in
the definition of the total mass processes in Definition 2.1.1: extending leafs in small
time steps a bit or in a branching event assembling two new arcs to the branching
leaf. The problem of this idea, is that it does not suffice the strong Markov property
any more. Stopping the first time it jumps to two individuals two arc stubs, but of
length zero, are attached to the tree. But distinguishing the two stubs contradicts
the properties of metric spaces.

There are several attempts to solve this problem of giving a dynamic description
of the process. A good idea is to assemble weights to the individuals, which means
extending the state space from metric spaces to metric measure spaces. Consult the
paper of Greven, Pfaffelhuber and Winter ([GPW07]) for more information about
that.

But here the dynamic approach to cover the problem will not be taken. For
the results to be proven it is sufficient to consider the “already done” tree. That
means that from the general process (n,¢) and a fixed ¢ > 0 the tree can already
be squeezed out. It can be constructed via the gluing technique described in the
previous chapter. So we make the following definition on the probability space
mentioned in Definition 1.2.1:

Definition 4.1.1:
The tree-valued process (N, &) >0 with state space T x T js defined as
follows:

for

(i) The catalyst tree m;,°" for a fized t > 0 is obtained by gluing together the
individuals described in the Definition 1.2.2 of n which live until time t to a

root p°@t. The metric is the genealogical distance metric.
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(ii) The reactant tree &7 for a given catalyst realization (ns)s>o0 and time t > 0 is
obtained by gluing together the individuals described in the Definition 1.2.3 of
& which live until time t to a root p™°. The metric is the genealogical distance
metric.

Remark 4.1.2: e Dynamically the trees look like Markov processes growing, but
in fact a dynamic definition would face the problems mentioned before the
definition.

e Up to a fized time t only a finite number of branching events will arise almost
surely. Therefore n{or and §tf°r are finite trees almost surely and hence the state

space (compact metric spaces) was described correctly.

o [t is possible to consider the tree pair and then not having a reactant relying
on the general process n, since the functional n'°t can be obtained from nfor
with the help of #0Q:.

O

Clearly since the total mass process is a functional of the tree-valued one, the
results from Chapter 2 on page 16 will play a role. As the catalyst dies out after an
almost sure finite time 719, the tree does not grow any more then. So all interesting
things happen up to that time. Therefore it makes sense to consider the catalyst
tree at that time. Moreover the reactant individuals keep on living without any
branching after that killing time, if there are still some alive (for linear g see for
example (2.8) in [Pen03]). Thus the reactant tree will neither show any interesting
behavior after that killing time of the catalyst. Hence special interest in that chapter
will be laid on the tree-valued random variable:

(4o, E%0). (4.1)

We take up the rescaling presented in Definition 1.2.4 and 1.2.5 from the Intro-
duction. We recapitulate briefly that the number of starting individuals is increased
from 1 to n. Therefore we have n single trees and we will call such an object a forest,
even if all of the n rescaled trees in the forest are glued to the same root, which has
then degree n. The individual mass is changed to % and the catalyst is sped up by
a factor n.

The rescaled processes are again defined in a static way on the probability space
mentioned in Definitions 1.2.4 and 1.2.5:

Definition 4.1.3:
For n € N the process (nfor’",étfor’")tzo with state space TT° x T™° s defined as
follows:

for,n

(i) The rescaled catalyst forest n,” " for a fired t > 0, is obtained by gluing
together the individuals described in the Definition 1.2.4 of n™ which live until
time t to a root p°. All n starting individuals are glued to the root p, with
different arcs, so that the root has degree n. The metric is the genealogical
distance metric.

(i1) The rescaled reactant forest for a given catalyst realization (n})s>o for a fized
t >0, ffor’", is obtained by gluing together the individuals described in the
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Definition 1.2.5 of & which live until time t to a root p™?°. All n starting
individuals are glued to the root p°®, so that the root has degree n. The metric

18 the genealogical distance metric.

Again we face a problem after the extinction of the catalyst as in (4.1).

4.2 Tightness and Convergence of the reactant forest

Now we have to separate the two processes ™" and ¢". We will give a con-
vergence result for the latter, the reactant forest, and will leave the first one. This
is done, because catalyst individuals do not evolve independently and applying the
proofs which work for the reactant is not possible. When we will talk later about
the contour process, then a catalyst process would not even be Markovian and its
limit clearly not a diffusion.

The result, however, will not be a result for the whole process &7, It will de-
scribe the behavior of the “finished” reactant forest, i.e. the forest cut, when the
catalyst has died out as in (4.1). We will give first a quenched result and later an
annealed one.

For the quenched result introduce the following notation for conditional proba-
bility:
for
LE™™m) = L |7 " =) (4.2)

Note that this is the law of a T*o°*valued random-variable.
We fix an w € Q2 as in Definition 2.3.3. That means we have a convergent sequence
of catalyst total mass processes (%" (w)),en:

lim sup 7" (w) — X (w)| = 0. (4.3)
k—oo <1

We will leave out the w in what follows and will just use the word “quenched”.
Then the following proposition holds:

Proposition 4.2.1 (Tightness of the reactant forest): The sequence of the quenched

for,n, tot,n)

rescaled catalytic forest {(&pwlosn
(']I‘I‘OOt, dGHroot ) .

tnen is tight in the topology of the space

Since the space T™°! with the Gromov-Hausdorff metric is complete and sepa-
rable it is true that {(£fnm;pfotm)1 _y is sequentially compact and therefore has
a convergent subseries. Clearly one would like to extend that result by describing
a unique limit and this can be done in the next theorem. For that purpose the
0-hitting time of the catalyst

0 =inf{t > 0: X; <6} (4.4)

needs to be defined. Then the following quenched result holds:

Theorem 4.2.2 (The reactant limit forest exists):
There ezists a random variable Y € T™° (depending on X), s.t.:

 [gform; retn] 2222, g [y x| (4.5)
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The law of Y is given by
for . §
£y x] = lim £ | T((housas)] - (4.6)

where convergence is in the Prohorov-metric of probability measures, T is the map-
ping described on page 31.

The diffusion C° is the unique solution of the (A°, D(A®)) martingale problem, where
D(A®) is given by:

!/

]D(A‘S) ={he Cl([O,T‘S]’R) : h/|{0775} =0, hT() S 0[2077_5]([0,00))} (4.7)

and for each f € D(A°):

0= () © (4.8

Furthermore ayy, is the local time inverse at level O of ¢ of %.

Note that when we write £ [onr; X ] it is not yet clear that this can be understood
in the spirit of (4.2). So far we could say that we use this notation to express the
dependence of the law on X. After the next annealed theorem we will see that we
also can understand that expression as a conditional probability.

The proof occupies the biggest part of Chapter 8. First we cut the rescaled
reactant forest and relate it to a contour process. The cut contour process sequence
converges to a diffusion. As we can recover the cut tree from the contour and we
have tightness of the forest sequence we get the result.

It it is even possible to extend this result to an annealed point of view. As we
cannot state a limit result for the catalyst tree we have to restrict ourselves to a
convergence theorem of the joint law of catalyst total mass and reactant forest.

Theorem 4.2.3 (Convergence of the joint law for the reactant forest):
The sequence of the pair of rescaled catalyst total mass and rescaled reactant forest

converges:
L(ntonn, ;):c?) = L(X,Y™) g5 n — oo (4.9)

Here convergence is understood as weak convergence on the set of probability mea-
sures on DRi [0,00) x T™° with the product topology.

The proof of this theorem can be found in Section 8.6 due to the techniques used,
which are developed in the point process Chapter.

4.3 Comparison result between the classical forest and
the catalytic forest

In this last section we want to compare the forest of an ordinary Galton-Watson
branching forest, which will be called Z, and the catalytic forest Y. Results for
the classical (=Galton-Watson = Continuum Random Tree = CRT) forest are given
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in [L.G:O6] and [A1d93]. For Z™ the contour process is easily given as the excursion
process of a Brownian motion 3 until local time at level zero reaches 2 (this can be
seen for the case of a fixed catalyst X = 1 and b = 2 by the arguments in the proof
of the limit contour).

For this section fix a catalytic background (X, )y<,<,0. The way to compare the
two trees is to take a fixed time ¢ and to relate the extant individuals of Y at time
t to the extant individuals of Z at a non-random time s(¢), depending on the fixed
catalyst. If the metric is also changed, then in the end we see that YT looks like a
stretched CRT Zfor.

We define the scaling function s; for t < 7°:

0
st {[O’T I = [bO,CzO) . (4.10)
h — Ej‘t—hXS ds

By an easy argument one can show (see Lemma 9.2.2) that the contour processes
of the CRT, which is equal to 8 and the reactant contour ¢° are related by s;:

(€D)uz0 2 (571 (By-1())uzo, (4.11)

where 7 is the time change depending on s; (see (9.24) for the definition of ).
For the trees things are similar and we get the following proposition:

Proposition 4.3.1 (Stretching tree metric): Let Z™" be a classical Galton-Watson
forest and YT a catalytic branching forest with fired catalyst (X)g<s<,0. Then for
any t < 79 let o

Y 1= 0Qu, 1) (Z") (4.12)

and for uy,uy € YO, i.e. uy,up € BQs(t)(Zfor) define:

Agtor (U, u2) := 257 (3d g1 (u1,u2)) . (4.13)
Then it holds that B
(V5 dyar) = (0QiY ™ X), (4.14)
where equality in distribution is meant to be on the set of ultrametric spaces.

The proof is done via the point processes 7t and 77*, which describe distances
between extant individuals.

Remark 4.3.2: e The idea for a statistician is to have a sample of extant in-
dividuals that are known to evolve according to an inhomogeneous branching
mechanism. The question is whether it is possible to determine the unknown
inhomogeneity, i.e. the catalyst. But the catalyst is encoded in the scale func-
tion sy and one can compare the distances with the CRT-distances.

o The metric space describing the extant individuals is in fact an ultra-metric
space, that means for any ui,us, us € 0Q, Y it holds that:

dyfor (u1, ’LL3) S maX{dyfor (u1, 'LL2), dyfor ('UQ, u3)} (415)

<&



5 The contour process (B, ()

Closely related to the forest-valued processes is the description of the populations
(n,€) as contour processes. By this a coding of the tree-structure into a positive
continuous function is meant. The major difference to the preceding two functionals
is that the contour process keeps track of all information available from the general
process (n,£). In comparison to the tree-valued process it also remembers “family
names”. That means that the contour process allows to distinguish scenarios where
in the first one son00 has a long history, son01 a short history and in the second
scenario the other way round. The process description we will give is not a dynamic
one.

5.1 Contour processes and branching populations

Imagine a (finite) genealogical tree with names (=labels) at the vertices be given.
Additionally an ordering of the names should be available, e.g. like in an address
book. One can traverse the tree starting from the root visiting the vertices according
to the order, i.e. visiting the individuals as listed in the telephone book, along their
lifetimes. This walk through the tree visits every point in the tree.

The idea now is to code this walk into a function e : [0,00) — [0, 00) by traversing
the genealogical tree. We go along the unique geodesics following the ordered labels
and denote on the ordinate the distance to the root. By this procedure a contin-
uous positive function is given. Shortly, the contour is the function where elapsed
transversal time is mapped to recent height of the traversal, i.e. the distance from
root to the recent point of the tree. Of course to walk continuously one also has
to walk in the opposite direction of the total order at some times to reach the next
point, with a higher order. After finishing the walk through the tree, the height
stays zero. See Figure 8.1 to get an idea of the procedure.

It is true that the linearly ordered trees in T™°%I™ have a special ordering respect-
ing Definition 3.3.1. Therefore we can understand the contour as the walk “around”
the tree. This walk around the tree can be done with a given speed ¢ > 0 and
different o results in a different contour. We will denote this mapping from finite
compact linearly ordered rooted R-trees to continuous functions by C(-: 0):

Definition 5.1.1 (Tree to contour mapping):
For a o0 > 0 the mapping C(- : o) : ’]I‘gr’ft’lin — C[Oo,oo) [0,00) is defined as the mapping
which maps a finite linearly-ordered rooted tree (T, d, p, <) to the continuous function
C(T :0):[0,00) — [0,h(T)] in the following way:
Denote the number of branch points of T in ascending linear order: xog = p < x1 <
ro < - < xg. Whenever p € [Tn, Tnt1], then add p to the sequence of branch
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POINts T1,...,Tp, P, Tns1,... L. Then C(T : o) is given by
( - -
d(p, Gp,z: (W) for 0 < :=ou <d(p,z1)

d(p, Pryap () for 0 <@ :=ou—d(p,z1) < d(p,z2)

d(p; Py ,p(0)) for0<a:=ou—d(p,x1)—...dxn-1,2n) < d(znN,p)
0 otherwise

(5.1)
For another construction of this mapping even for non-finite trees see remark 3.2
of | |.

Remark 5.1.2:
By the contour process we have indeed a planar embedding of a real tree. For more
about that, see [ . <&

One also can go the other direction: Let a continuous function e : [0, 1] — [0, 00)
be given with e(0) = e(1) = 0 and e(z) > 0 for all € (0,1). Then define an
equivalence relation ~, on [0, 1] by

xr~eyife(z) = Ze[g;rivy] e(z) = e(y). (5.2)

The metric space ([0, 1]/ ~e,d), where

dwy) = e@) +e(y) — 2 min__e(2), (53)
zE€[zAy,z VY]
is then easily checked to be a rooted compact R-tree (see Lemma 3.1 of | 1)-

To be more formal we introduce a mapping from the following set of functions

0% 10,L] == {f € C([0,L),0,00)) : f(0) = F(L) =0, f(x) = 0 Var € (0, L)}
(5.4)
with the previously described properties, where L replaces 1 and make the following
definition:

Definition 5.1.3 (Contour to tree mapping):

Z’he mapping T : C'[OO’:)O) [0, L] — Tro°oin s defined for a continuous e € C'[OO’:)O) [0, L]
y:

T(e) = ([0, L]/ ~e,d, <iin), (5.5)
where the equivalence relation ~. and the metric d are defined as in (5.2) and (5.3).
The root p is the equivalence class corresponding to zero and <y, is the linear order
induced from the interval.
Additionally define the mapping

Tunord : Clgng) [0, L) — T, (5.6)

which does the same as T, but gives up the ordering of the tree.

Remark 5.1.4: e Both mappings are continuous by definition (quotient map-
ping!).
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e For finite rooted linearly ordered R-trees and arbitrary o > 0 it is then true
that T o C = id. The same is true the other way round if the traversal speed
o s adjusted correctly. But we will in fact use the first identity only; thus the
traversal speed is not affecting the tree structure. For more information, see

[Ewod].
o

For our purposes the tree-valued process does not yet give an ordered tree, which
could be put into the mapping C(- : o) and would give us a contour. This problem
needs to be taken up now. So, when starting with the non-linearly ordered tree-
valued process from the previous chapter we could think of C as a multi-valued
mapping. This multi-valued mapping would transport equal weights to each possible
ordering of a given finite tree ni°" or £°°. But in fact it will be easier to extract
the functional “contour” directly from the general process (n,&). Therefore define
analogously to the previous chapter a catalyst and reactant process (7, 5 ), but with
values in linearly ordered trees Trootlin:

Definition 5.1.5: )
For n € N the random-variable ("™, &™) with values in TrOHIN x Trootlin js defined

as follows:

(i) The first coordinate ", is obtained by gluing together the individuals described
in Definition 1.2.4 of 0™, which live until time T™°, to a root p°®. All n
starting individuals are glued to the root p®@, with different arcs, so that the
root has degree n. The metric is the genealogical distance metric and the linear
order is the one obtained from the labels of the general process 1.

(ii) The second coordinate £", for a given catalyst realization (n)s>0, is obtained
by gluing together the individuals described in Definition 1.2.5 of £, which live
until time T™°, to a root p . All n starting individuals are glued to the root
P, so that the root has degree n. The metric is the genealogical distance
metric and the linear order is the one obtained from the labels of the general
process .

This definition gives us the full genealogical tree of catalyst and reactant, at least
until the time 79, after which nothing interesting happens any more.
We will leave out the superscripts n sometimes and will understand this as the case
n=1.

5.2 The catalyst and the reactant contour

The catalyst and the reactant contour are now defined. With the mapping C and the
random variable (7, 5 ) from the previous section we can give a precise definition of
the contour process. Before starting remember that the killing time of the catalyst
T is < 0o almost surely. We define the contour processes by traversing the catalyst
and the reactant tree each with speed 1.

Definition 5.2.1 (The discrete contour process):
The catalyst and the reactant contour process (By, Cy)u>0 1S Ri valued process
defined by:
(Bu)us0 =C(7: 1), (5.7)
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(Cu)us0 = C(E: 1). (5.8)

Note that in the definition the height of the contour is random, it is 770, If we
consider a catalyst realization to be given, then the reactant contours all have the
same maximum height. The contour process consists of line segments with slope
+1 and —1 which have random length.

We note that this contour process leaves zero (the root) once and returns to zero
(once). After this returning time the contour stays at zero. So the reactant contour
is zero after a time L(C,4/b) given by the following random-variable:

1 [ 2 4
4y . ; T _
L(C,3) =inf{u >0: 121(1) - ; Lic,eci0,en bnng dv = E} (5.9)
Even if this seems to be a quite difficult description of the time until which the

reactant contour runs, it is in fact the easiest way to obtain a local time character-
ization of the limit contour.

The same is true for the catalyst and a similar time L(B,4). Later we will take
that idea up. Next a remark about the linear ordering on extant individuals is
described:

Remark 5.2.2:
By the definition of the contour a linear ordering on the reactant individuals

Y1, Y2, - - - Ym € OQu(E™)

alive at time t can be given:
Yi <iin Yj 18 true, (5.10)

if the point y; s traversed by the contour before y;. We will use this idea for the
point process. <&

Now we give the rescaled contour processes.

The rescaled reactant contour process is defined analogously, only one has to
consider what speed o to choose for traversing the tree. The total population size
is of order O(n?) and the length of each line segment is of order O(L). Hence the
right choice to get a non-trivial limit-contour is traversal speed ¢ = n for the n-th
approximation step.

Definition 5.2.3 (The rescaled contour process):
The catalyst and the reactant contour process (B, )y>0 and (C}})y>0 are Ry -valued
random variables defined by

(Bi)uzo0 = C(7" : m), (5.11)

(Cl)uz0 = C(" : n). (5.12)
The reactant contour is zero after a time L(C™,4/b) given by the following
random-variable:

u

1 2
L(C™,3) == inf{u >0 : lim - | Licyelooy ot dv = —}. (5.13)

T

e—0 € bntc?:ivn
v
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Outgoing from these definitions we can establish some properties but most of them
restrict to the reactant. The next result shows what happens for a fixed catalyst
realization (7}")¢>0.

Before stating the lemma it is a good idea to define the slope sign V' of the reactant
contour as an process:

V! = sign(slope(C;))) € {—1,1}, (5.14)

forall0 <u <T 0, where C), does not change direction. If it is chosen to have
cadlag paths then the following lemma holds:

Lemma 5.2.4: The process (C, V)0 is a [0, 79 x {~1,1}-valued Markov-
process, whose generator is given by the closure of the operator (A™,D(A™)), where:

A" f(e0) = mog (e, 0) + onPn (f(e, —) — fle)),  (515)

for all f € D(A™), when

Oh
D(A™) = {h € C10([0,7™°] x {~1,1}, R) : E|{07Tn,0}x{_171} =0}. (5.16)

until the time, when the n trees in the reactant forests have been traversed, i.e. until
L(C™, %) given as in (5.13). After that time the reactant contour stays zero.

For the proof, see Lemma 8.4.2.

We note that the catalyst n*°* plays a big role in the behavior of the contour.
The higher 1*°* is, the faster the contour changes its direction. That means that
the line segment in the contour with constant slope get shorter. In the case when
we get close to the extinction time of the catalyst then n*°* gets very low and the
arcs in the tree get longer and grow until they are reflected at the extinction time.
This fact will play a role when we want to extend the limit result we give in the
next section.

For the catalyst contour we see that non-independence of the individuals disallows
the contour to be Markovian. Even if g is a piecewise linear function one does not
necessarily get a Markov process for the catalyst contour.

5.3 Convergence of the truncated reactant contour

Within this section a quenched convergence result for the reactant contour process
is given. We assume to be in a situation as in (4.2), i.e. we have a fixed convergent
sequence of catalyst realizations. Unfortunately it is not possible to state a conver-
gence theorem for the whole contour. We need to cut the tree before the extinction
of the catalyst. Therefore define the §-hitting times of the rescaled catalyst total
mass process 74"

T = inf{t > 0: n°"" <4}, (5.17)
and of the limit catalyst X:

0 =inf{t > 0: X; <4} (5.18)
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Remember that both of these stopping times are almost surely finite by Lemmas
2.1.7 and 2.2.4. Then one can define the §-cut contour C™° by:

C™0 = C(Qpns (E™0) : ). (5.19)

With these definitions the following convergence result for the cut contour holds:

Theorem 5.3.1 (Reactant limit contour):
Let a realization of the catalyst be given such that (2.18) holds. Consider the linear
operator (A%, D(A°)), where

A5 f() = (J;—Q) (@), (5.20)

for all f € D(A%), when

hl
D(A%) = {h € C*([0,7°], R) : k|9 ,5) = O, ¥ € Clo.751[0: 00)}- (5.21)

Then:
(i) The (A%, D(A®)) martingale problem is well-posed and

(ii) if ¢ is the solution of the (A° D(A°)) martingale problem, then:
LI(CI)o<ucr(cns agmy) ~— LI o<uzay ), (5.22)

where convergence is weak convergence of continuous processes.

Here ay/y, is the shortcut for (1°(¢%))7(%), the inverse of local time at level zero.
The proof is given in Section 8.4. The convergence is shown via Stochastic Averaging
techniques. Uniqueness is done by transforming the martingale problem to an easier
one without drift.

Remark 5.3.2:

Looking back at the discrete process we see that higher catalyst total mass is speeding
up the change of direction. In the limit case it seems to be the other way round:
High catalyst total mass decreases the quadratic variation. In fact there is a mistake
in the first sentence: When going to limits the part where catalyst total mass occurs
runs with high speed (n?) and it is better if it does not change direction too often in
order not to disappear in the limait.

One could ask whether there is an annealed result as well. If in the previous
chapter we had an annealed result for the convergence of the trees, then there also
should be one in that case. The proof of the following corollary is in fact part of
the annealed result for trees:

Corollary 5.3.3: For fized 6 > 0 the sequence

((U:Ot’n)ogthnm C™)nen (5.23)

converges weakly to an R%-valued process. Topology is the product topology in the
Skorokhod space of cadlag functions.
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5.4 On top of the limit reactant tree

Naturally after Theorem 5.3.1 one has the question if it is possible to extend the
r0-cut reactant limit contour to the case 6 — 0. We will regard that as a quenched
question and in fact there is not a single answer: all depends on the given catalyst
and the height of each contour path. To speak about that we define the reactant
extinction time

P’ =inf{t >0:Y; =0}. (5.24)

We differentiate between two cases:
{p° <% and {7° < p'}. (5.25)

The first one means that the entire reactant contour ¢’ lies below the given hori-
zontal line 70. This case will be easy to deal with, since no extension of the contour
is necessary. That means in this case we have, when for example p° < 79:

(€% p° < 70) == (7. (5.26)

We wonder if the case p® < 70 arises and will give a partial answer in the oncoming
proposition.

The second event described above is more difficult to deal with, since the reactant
tree was cut at height 7° and even for § — 0 there remain some branches above that
line. Then something interesting happens: Approaching 79 the catalyst approaches
0 and hence the reactant loses branching likelihood, i.e. its branches get longer.
Since there are “many” individuals alive the reactant contour gets looking like a
hedgehog and this can be expressed by quadratic variation going to infinity.

Both aspects get reflected in the following proposition:

Proposition 5.4.1: Let a fized catalyst (X¢)i>0 and its killing time 7° be given.
For § > 0 let ° be the reactant limit contour. Then

Pllim (¢°, (), < 00|X] = Plp° < 7 (5.27)

and
P[lim(C*,¢)a, , = 00| X] = P[p" > 7). (5.28)

Since diffusions have a well-defined finite quadratic variation, we obtain the fol-
lowing corollary:

Corollary 5.4.2: The reactant tree Y can be associated with a diffusion ¢° via
T only on the event:

{p° <%} (5.29)

For linear branching modification g(x) = ax this event has probability (4a/b-+ 1)7%.
Otherwise in the case {p° > 70} the reactant forest Y cannot be associated with a

diffusion process.



6 The point process (IT', =)

Another way to describe the genealogy of the catalytic branching model is the point
process. To do that we first introduce a short general description of point processes
in the branching setting. Then we will specify this for the catalyst and the reactant
setting. Finally the chapter ends with a convergence result for the rescaled reactant
point process.

6.1 Point processes and genealogy

Let a genealogy starting with one individual be given, for example as in Definition
1.2.2 or 1.2.3. Then a linearly ordered tree, say T', as ™ in Definition 5.1.5 can be
constructed.

Now fix a time ¢ > 0. At this time ¢ the population consists of #9Q(T") extant
individuals. If one considers the minimal subtree spanned by these extant individ-
uals, there are exactly #0Q:(T") — 1 most recent common ancestors (MRCAs) of
them. We label the MRCASs in ascending linear order and then they are given by a
subset of T" consisting of the following points:

71 <jin T2 <lin *** Zlin T#0Q,(T)—1- (6.1)

These points and a constant v > 0 are the ingredients of the point process P!. We
want to make a point in (kv,s) € R% when x, dies at time s. Hence the point
process just denotes the extinction times of the MRCASs, one after another. Thus
we make the following definition:

Definition 6.1.1 (Point process of a genealogy):
For a fized t > 0, a given genealogy T the point process P'(T;v) is an integer-valued
random measure on the set

{v,2v,...,(#0Q«(T) — 1)v} x [0,1)
. Its distribution for 0 < a < b <t, m < #0Q(T) — 1 is given by:
PHT;v)({v,2v,...,mv} x [a,b]) = #{i € {1,2,...,m} : a < x; < b}. (6.2)

We would like to point out that this point process should not be understood as a
process in the variable ¢t. But in fact with the collection (P!);> the whole genealogy
can indeed be recovered.

Sometimes we will refer to the first coordinate of the random measure as the time
coordinate and the second one as the level coordinate.

Indeed we will also face the fact, that we are dealing with a set of genealogies, as
in the situation of a genealogical forest consisting of genealogical trees. Then the
question is where the MRCA of two individuals alive at time ¢, which are not in
the same tree of the forest, is located. The MRCA is then at the level of the root,
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Figure 6.1: Point process obtained from the tree
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where the trees are glued together (see Remark 3.2.3). Therefore in these cases the
time level 0 can, in the rescaled setting, contain a positive mass, different to any
other fixed level.

In the next section we will apply this definition to the catalytic branching setting.

6.2 The catalyst and reactant point process

For the whole section let a fixed ¢ > 0 be given. To define the catalyst point
process we remember that the catalyst genealogy with ordering of the individuals
was described either in the contour process (see Remark 5.2.2) or in Definition 5.1.5
by the ordered tree 7. We take the second description and define the catalyst point
process by:

Definition 6.2.1 (Catalyst point process):
The catalyst point process is an integer-valued random measure II' on

{1,2,..., 9" — 1} x [0,1), (6.3)

given by
I .= Pi(p'; 1). (6.4)

The same is done for the reactant process where we also make use of Definition
5.1.5, where ¢! is introduced. Hence we define the following:

Definition 6.2.2 (Reactant point process):
The reactant point process is an integer-valued random measure =t on

{1,2,...,€° — 1} x [0,1), (6.5)

given by .
gt .= Pl ). (6.6)

As already mentioned we also could have extracted the genealogy from the contour
process. The contour will be quite helpful for the proofs we are going to give. The
essential connection between MRCAs and the contour is given by the following
observation, which is put into a remark:

Remark 6.2.3:
For a fired catalyst n'°t and t < T, i.e. less than the catalyst extinction time, let
the reactant contour process (Cl),>o be given as in Definition 5.2.1. The reactant



6.2 The catalyst and reactant point process 39

individuals alive at time t are corresponding to the starting points and endpoints of
a downward excursion of the contour from level t. The set of MRCAs of these extant
individuals are corresponding to the infima of the downward excursions of C' from
level t. See Figure 8.1 for more details. &

For the reactant point process we can describe the distribution of the most recent
common ancestors by the following lemma:

Lemma 6.2.4: For a fived catalyst (n'°)s>o realization and fized t < T the
reactant point process Z' has total mass

EYN x [0,1)) = &°F — 1. (6.7)

The point process Z¢ is given by the random points {(i,0;) : 1 < i < £° — 1}, where
the o; are independent and identically distributed [0,t)-valued random-variables.
They have distribution given by

t t
% + fo nEOt ds fh nEOt ds
t t ’
fo ntot ds % + fh ntot ds

for every 0 < h < t.

The idea is to rescale the point processes from the beginning of this section to
obtain the rescaled catalyst and reactant point process. This rescaling will be con-
sistent with the previous rescaling procedures.

Think of the rescaled reactant forest £°"" and its contour C™. For large n the
contour looks like a diffusion process. For a fixed time level ¢ the number of indi-
viduals alive at time t is n§§°t’" — 1 and hence the number of MRCAs diverges with
n.

Keeping the distance v in the point process equal to 1 would result in the informa-
tion diverging to the right. Only low-linear-order information would stay available.
We will do a spatial rescaling and set v = % This will be the right choice to keep
information available and to make the limit process a o-finite point process.

The interesting fact that we might also have mass at time level 0 was already
mentioned in the first section of this chapter. Therefore we give the following
definition:

Definition 6.2.5 (Rescaled Catalyst point process):
The catalyst point process II™ is an integer-valued random measure on

[O’UIOtm - %] X [O’t)’ (69)
given by
1
b" .= P E)' (6.10)

And the rescaled reactant is given by the following definition:

Definition 6.2.6 (Rescaled Reactant point process):

The catalyst point process =" is an integer-valued random measure on

[0,£°" — 2] x [0,1), (6.11)

given by 3
Ehm = PH(E™; 1 /n). (6.12)
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For further purposes we will define the killing time of the reactant:
R™ .= inf{t > 0:&°" = 0}. (6.13)

This time will be helpful in the oncoming considerations, since after this time, there
are no reactant individuals alive any more and the reactant point process degener-
ates to a point process without points.

We give now a quenched result describing the distribution of the reactant point
process for a given fixed catalyst. The law for a random catalyst can then be
obtained by mixing binomially distributed processes. Therefore let a ¢ > 0 and a
fixed catalyst path n**" (and with this a fixed catalyst extinction time) be given.
Condition the reactant point process on the event {t < T™% A R™%} and on the
reactant total mass at time ¢: £°"". Then the following result holds:

Proposition 6.2.7: We can specify the distribution of the reactant point process
=47 at time t. For k€ {1,2,...,n&"" — 1}

(1) the number of points at level 0 is given by

ko = E{L, 2 By (o) £ Bin (k,P(0, > t)) and  (6.14)

n'n’"
(ii) the number of points between 0 and t — h is given by
E{L 2 BV (0,6 —h)) L Bin (k— ki, P(oy > hlo, <1)). (6.15)

Here Bin(n, p) is the law of a binomially distributed random variable with parameters
n,p and oy, s the extinction time of a birth-and-death process with reproduction and
death rate (20, )o<s<t-

This proposition prepares the limit theorem of the point process. We will give a
remark to explain the previous proposition a bit more:

Remark 6.2.8: e Since we are starting with n individuals there arise two possi-
bilities: The first line represents branch points at level 0, that means separated
trees. The second line are death points of MRCAs within one tree.

o The probabilities denoted by P can be calculated more explicitly by the help of
Lemma 6.2.4 adjusting n*°t to nn*tm.
&

6.3 Convergence of the reactant point process

In this section the limit point process of the reactant is calculated. We will therefore
fix t > 0 throughout this section, but we will also require some restrictions on t,
explained later. The limit point process will be a point process on [0,Y;] x [0,¢),
which consists of two different types of domains as in the proposition just before:

e the line at time level zero representing the division into different trees and

e the branch points within the trees.
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We first give a quenched result with the following prerequisites. Let p° be the
reactant extinction time:

P’ =inf{t >0:Y; = 0}. (6.16)
Let t,,t > 0 and assume catalyst paths n*°%" X s.t.:

t, — tasn — oo, (6.17)
sup 1,20 — X| — 0 as n — oo, (6.18)
0<s<tAtn

be given (see Definition 2.3.3 and (4.3)). Then conditioned on the event {¢, <
RO AT™0} and t < p° A 79, the following holds:

Theorem 6.3.1:
The point process Zi™™ converges to a point process w' on [0,Y;] x [0,¢). The dis-
tribution of wt is given by:

7' ([0, uY;] x {0}) =Poisson (%) , (6.19)
0 Vs S

t X =Poisson | u 2 — 2
7 ([0,uY;] x (0,h)) =P ( Y (f;f oXods | [TOX, d8>>, (6.20)

foru e [0,1] and 0 < h < t.

Remark 6.3.2: e The theorem shows us that for a positive time there are only
finitely many trees surviving in the forest. This is because the number of
MRCAs at time level zero in (6.19) is a Poisson number and therefore almost
surely finite.

e This reactant limit point process is o-discrete as defined in [RY 01, Chapter
XII.1]. Only finitely MRCAs are below time level ¢t — A’ for fixed time h'. That
means almost all of the branch points are very close to the top of the cut tree.

e The faster the reactant branches, i.e. the greater b is, the less points can be
expected far from the top-level, i.e. far below level ¢.

e In the second line consider ¢ close to the catalyst extinction time 7° and h
close to t. Then the first summand gets very big and we have the situation
that many points lie below h. This is true, since an almost killed catalyst
makes the reactant rather lazy to branch and its branches get long. Hence the
MRCAs are far below level t.

O

One would expect that there is a strong link between this limit point process m
and the limit contour process ¢ (see Remark 6.2.3). Before we start with describing
that link we give some definitions from excursion theory (see [RY 91, Chapter XII|
or [RW79, Chapter VI|):

For a fixed catalyst X let ¢® be the limit contour process. It is given as the
solution of the martingale problem A° as in Theorem 5.3.1. Fix a level ¢t < 7°.
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Let (I(¢%))u>0 denote its local time process at level t. The inverse of the local
time is defined as:

ap (¢%) = (1(¢*) " (w) = inf{r > 0: 1(¢°) > u}, (6.21)

where we sometimes omit the relation to ¢?, if no confusion arises. To describe an
excursion we denote the set of downward excursions from level ¢ by:

U~ ={f:[0,00) = (—o0,t] : f(0) =t and f(a) =t = f(a+s) =tVs>0}U{A},

(6.22)
where A denotes the no excursion state. The downward excursion €, from level ¢
(at local time w) is given as an element of U, by:

0 if of _ #al
e (s) == ot _+a)nat, w7 O (6.23)
A if of_ = al,
Additionally we set
Qa/p = aZ/b(C‘SL (6.24)

as the time, when local time at level 0 reaches 4/b for the first time, or speaking
about populations, when the total initial mass of the population has reached 1. This
rather awkward 4/b comes from the quadratic variation term of the limit contour
which is needed to calculate local time (consult (5.9) and Section 9.2.

The point process of maximal depths of downward excursions is then defined as

7t = {(u,inf(e;) :, when of,_ # of and u < Qb (6.25)

For this construction the following relation between contour and point process
holds:

Proposition 6.3.3 (Quenched contour and point process): Let a fized catalyst X
and t < 70 be given. Choose § > 0 such that t < ° and let ¢° denote the solution
of the (A%, D(A®)) martingale problem. Then it holds that

at L g, (6.26)

Be aware that the process 7' measures the time in Lebesgue measure, whereas

the process on the right hand side is related to increasing local time of the contour.

After this quenched result the question arises if also an annealed result holds. One

might think of achieving that for a special class of branching modifications g, where

the proof can be comparable to the one in Section 8.6. But we are not intending a
proof of this result.
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Proofs of the main results from
Chapter 2

In this chapter we put together the main proofs from Chapter 2 and try to lead the
reader through the structure of the problems. Some of the theorems were put in

the appendix.

7.1

Remarks and techniques

7.1.1 Properties of g

We will try to justify the conditions set on g on page 14:

Continuity makes sense since the branching behaviour should not change sig-
nificantly if there is a slight change in the population size.

Lipschitz-continuity is necessary to receive solutions for the catalyst SDE in
Section 2.2.

Vanishing of g in 0 expresses the fact that branching stops, when all individuals
have died out, since there is nobody left to branch.

The third condition G3 is required to be in a “sub-Anderson-model”, since oth-
erwise the branching behaviour cannot be controlled easily and the diffusion
would not die out.

The last condition makes it possible that 0 is an exit boundary and we can
obtain Lemma 2.1.7 and so we do not get into the following situation:

The catalyst is close to zero but not dying out. Then the reac-
tant faces almost no more branching events and therefore does not
change.

As later want to focus on contour processes and trees, we want to avoid that
situation.

Let us also note that Lipschitz-continuity in 0 and (G4) imply that g must ap-

proach zero faster than “x — z”, but slower than “x — x

2n

Remark 7.1.1:
In some proof we will not need to use condition G2 from page 14, but a weaker
requirement on g:

g(x) < C(1+2%) Vx € [0,00) (7.1)

which is certainly true, probably for a different constant C. O
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For the further analysis it will be helpful to extend the definition of g to negative
real numbers. There we will set ¢ = 0. This assumption does neither violate the
Lipschitz-continuity nor the estimates just presented. In fact this extension is only
of theoretical use, since it will allow us to use some theorems which were designed
for problems defined on R rather than on Ry, e.g. in Chapter 2.2 dealing with
diffusions.

7.1.2 The generator of the discrete total mass process

We refer to the definition of the discrete total mass process (ot £%47) in Defi-
nition 2.1.4 for fixed n and want to explain how to derive a generator U, for this
Markov jump process. After having done this we will see that this generator U, is
uniquely closable in CO(REL,IR{) and there is a unique process (74", £%47) corre-
sponding to the generator for a given initial distribution. So we are invited to speak
of the discrete catalytic branching process.

First we extract the infinitesimal generator U, of the total mass functional from
the Definitions 1.2.4 and 1.2.5 (for a fine introduction see the book of Breiman
[ , page 332]). From then on we will understand the generator U, as the
preferable description of the process.

If the process (n;°"", &°"™)i>0 starts in " = , 7" = y, where z and y are
multiples of 1/n and greater than zero.

Each catalyst individual (and there are nx of them dies after an exponential time
with rate %(x). Just after that zero or two individuals with mass % each are born.
So either the total decreases by % or it increases by %, each with probability %

Hence after an infinitesimal time step At we expect the following situation:

(ntotm ¢ty 1 with probability

(@ +1y) | Zg@)At +O(AL)

(2= 59) | o)At
(x,y + %) %beyAt
(z,y — 1) ";bxyAt
(z,9) 1 —n2g(z)At — n?bxyAt

So the generator U, acts on a given function f € Cy(R%,R) as follows:

Unf(e,y) = lim ——BE[f(n", €957) _ f(z,y)] =

At—0 At
o1 1 n? 1 .n?
—Alir_f)lo N [f(l“ + E,y)?g(w)At + f(x — E,y)?g(az)At

n? n?
+ f(z,y+ %)beyAt + f(z,y — %)beyAt (72)
+f (2, y)(1 = ng(2) At — n®bayAt) — f(z,y)] =

n2

- [g<x> (f(w ) = 2f(y) + Sl %w))

vty (Floayt 1) =20 + oy - 1) |

We will need to be a bit more precise about the aforementioned to write down the
exact generator. What happens if we already start with y = 0?7 Then we cannot go
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to fff’" = —%. If one considers all the problematic cases we get
n? 1 1
n? 1 1 1
+ bey[f(way + E) - Qf(.%',y) + f(way - E)L for z,y > Ea
Unf(0,y) =0 for y > 0, (7.3)
n? 1 1 1
Unf(2,0) :?g(x)[f(x + E’O) —2f(z,0) + f(z — E’O)] for z > n’

D(Un) :CO(R?H R).

Now with the generator U, at hand it is possible to show that, for g sufficing
the condition g(z) < C(1 + z?), from (7.1), there is only one process satisfying
Definition 2.1.4. The other conditions on g do clearly not play a role, since they are
local, but here we are dealing with a process on a discrete grid %NQ.

Within the next section we will tackle this uniqueness problem, but will use an
arbitrary mass m, since this makes the arguments and the looking clearer.

7.2 Existence, Uniqueness and Feller-property of
(ntot,n étot,n)

We start with the proof of Lemma 2.1.6. The proof will be done without giving
special attention to the parameter n, but it will be done with an arbitrary mass m
of any individual. To get the factor n? in U, just multiply the oncoming u with n?.

Lemma 7.2.1: [Existence, Uniqueness and Feller-property of (n'°" £°%")] For
any g : [0,00) — [0,00) satisfying Condition 2.1.3 in Section 2.2 the closure of
generator Uy from Section 2.2 is single-valued and generates a Feller-semigroup on
Co(R?). Moreover C.(R?) is a core for this generator. So there ewists (n*°t, £*Y),
uniquely determined by U, and this process is a Feller-process.

PrOOF: The proof relies on Theorem 8.3.1 in | |, which can be found in the
appendix. As function A and measure p we use:

Mz, y) = g(z) + 2y,

6o for fo—i =m,y=7 (7.4)
lu’((x? y)’(j?g)) = { 2)\b(;y7y) f _ =~ | ~| o ?
2\ (z,y) or T =,y -yl =m
where z,Z,y,y > 0. Then
Unf(@,y) =n* > F(@& PN, y)u((x,9), (7, 7). (7.5)
.9

In the case of the catalyst being 0, the reactant being y, the measure p((0,y),) is
concentrated on this point.

The state space F = mNEL is a locally compact, noncompact, separable metric
space. The one-point-compactification of E will be denoted by E® = E U A, where
A is the point at infinity. The real-valued function A is nonnegative and continuous
on Ni and g is continuous in the first coordinate pair, since the preimage space
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is discrete. We have to define some functions v and 7. There should not be any
confusion with the n which is the catalyst population during the rest of this work.
We set v and 7 as functions which are positive, continuous and the inverse vanishing

at infinity:
Y(z,y) = n(z,y) =a® +y* + 1. (7.6)
Now we have to check the properties (3.2) to (3.5) from | , Theorem 8.3.1].
We start with condition (3.2) of | , Theorem 8.3.1]:
A b
sup (z,y) _ sup 92(96) +2 xy
z,y>0 '7(‘%'7 y) z,y>0 4+ Yy + 1
C(1+x?) by
< sup ———5——+ sup 55— _
R IR B YA RO (77
Cx® b b
< C+ sup —x+——20+—:01<oo
z,y>K x 2 2
So the first condition is fulfilled. Next we consider condition (3.3) of | , Theorem
8.3.1]:
( h)mA)\(x y)u((z,y), K) = 0 for every compact K C R?. (7.8)
T, Yy)—

This is certainly true since p((z,y), -) only has positive measure at the neighbouring
points having distance not more than m from (x,y) Then for diverging (z,y) there
will be no more such neighbour point in any compact K. So the p-factor vanishes.

Conditions (3.4) and (3.5) of | , Theorem 8.3.1] are basically similar in their
proof. For both cases we will only check values of x,y > m, since the other cases
are even easier to verify and would make the proof only lengthier. Indeed it makes
sense to check them separately. Let us start with (3.4), keeping in mind that we
only wanted to allow m < 1 and g(z) < C(1 + 22) (G3):

Yz, y) — (T, 7 _
sup A(z,y)| ),u((w,y),d(x,y))lz
T,y>m wy
oy SR (@ 4
T auim 2 (w+mPZ+ 2+ 1
gl@) B+ 2 +1— ((z—m)2+y>+1)
2 (x—m)2+y2+1
, ) ) ) (7.9)
bry x° +y +1—($ +(y+m) +1)
+_
2 + (y +m)* +
+bmyx + y? +1—( + (y — )+1)
2 x? 4+ (y —m)* +
2 2
< sup g(m) dk bxy “

< +=2
ey>m 2 (x—m)?24+y2+1 2 224+ (y—m)?2+1
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< sup g(ac) + by
Tagem (@—m)2+y?+1 0 224 (y—m)2+1
1 2 2 2
< sup C —;—x 5 +b— Y 5
z,y>m (x—m) +y +1 T +(y_m) +1
1+ 22 ba? by?
<supC——+—+sup——— +sup —————— 7.10
C +b)x? by?
<C + sup (C+b)z + sup Y

T>m (x_m)2+1 y>m (y_m)2+1
2

<C+ (C +2b) sup °

— < 00,
o>m (x —m)? +1

where the last inequality is easily believed since the denominator stays strictly away
from 0. This is the desired result.
Now at last we have to show (3.5):

/ V(z,y) —(2,9)

v(z,y)

sup A(z,y) p((2,y), d(z, ) < oo (7.11)

z,y2>0
But this can be shown the same way as (3.4) with even less problems in the denom-
inator.

O

7.3 Extinction and compact containment condition of
(ntot,n’ étot,n)

As a next result we show Lemma 2.1.7:

Lemma 7.3.1: Every (discrete) catalyst process, defined as in (2.1) with g satis-
fying the usual conditions dies out almost sure, i.e.

70 = inf{t > 0: """ = 0} < o0 a.s. (7.12)

Furthermore 0 is an exit boundary ( = absorbing point), i.e. the catalyst does not
leave 0 after having reached it.

ProOOF: We will consider the situation for a fixed n and do a proof by contradic-
tion.

Clearly the discrete catalyst '™ is a non-negative martingale, so there exists
a limit process niet™™ s.t. 75" converges almost sure to this process. That means
that for a given € > 0 there exists a 7' > 0 with

P[|nf®" —niotn| < eVt >T]>1—e (7.13)

If we select € < %, then the event in consideration means that no more jumps occur
after time 7', except probably on a set of measure e.
We assume that for given 0 < a < b the induced probability measure on [0, 00) of
the limit process is given as:
P o (nt") " ([a,b]) = r, with 0 <7 < 1.

(e}
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Let us now assume that
2e <1

and we will lead this to a contradiction for any e.

Then by (7.13) we get that there must be a set A in Q" with measure at least
r—e¢, s.t. for w € A the catalyst n*°""(w) faces no more branching events after time
T(e) and

"™ (w) € [a,b] Yt > T(e).

But the probability of no branching event from time 7'(¢) to T'(¢)+t is bounded from
above by max, ¢4 e~ 9@t If t tends to infinity, the no-branching probability P(A)
goes to zero, as g stays away from zero in any interval [a,b] not containing 0 (G1
and G2). This contradicts that it would be more than r —e. So the assumptionthat
P o ("™~ ([a,b]) = r cannot hold for any positive r and we have that P o
(75™)=1([a, b)) = 0 for any positive a and b. So all the mass of ni"" is concentrated
in zero.

Additionally we have shown that 7™ is almost surely finite, since by (7.13)
P70 < t] = Plp;®"" = 0] > 1 — e if we choose t > T'(¢) and € < 2.

Clearly 0 is absorbing, since g(0) = 0. O

Remark 7.3.2:

It is well known that in discrete time the population gets extinct depending on the
expectation of the offspring distribution. This also could have been a way to prove
the previous lemma.

Another result will describe how far the discrete total mass process moves away
from the origin when starting in (75°"",£°"). As an additional result we get
the compact containment condition for the set of processes (nt°tn gtotn) , which
states this set moves within a compactum with a probability close to 1 up to a given
time ¢. Therefore let || - ||2 denote the Euclidean norm on R2.

Lemma 7.3.3 (Compact containment condition): Let (7;°""™, £&°"™);>0 be a process

corresponding to the solution of the discrete martingale problem (U, 5ntot,n ®6£tot,n).
0 0
Then for T > 0,k > 0, it us true that:

5
P| sup (™™ &™) |2 > k] < £(7780“” +&7M). (7.14)

0< k

Additionally the compact containment condition holds:
When 778°t’n = 580t’n = 1 for all n, then for any A > 0 and t > 0 there exists a
IyrC ]R%_ such that:
inf P [(niot’”, PNy e Dy p VO <t <T| >1— A (7.15)
ne

PROOF: Since 7'°%" and £'°%" are martingales by Lemma 7.2.1, the maximum
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inequality holds and expectation values are conserved.

P | sup (" &™) ]2 > k
0<t<T
k k
<P | sup " >—=|+P| sup [£"">—=]|< (7.16)
ogthm | V2 0§t§T| o V2
2 2

< % <E[n;?t,n] _i_E[g;?t,n]) _ %(naot,n _i_g(t)ot,n).

The second statement is just a reformulation. O

7.4 Existence and Uniqueness of (X,Y)

7.4.1 The main result and the strategy of the proof

Within this section a proof of the main result of section 2.2 is given. This theorem
stated that

Theorem 7.4.1:
If g satisfies Condition 2.1.3 the SDE system

dX; = /9(X;) dW}, (7.17)
dY; = VbX, Y, dW?, (7.18)

where W' and W? are two independent Brownian motions has a unique strong
solution.

Here the catalyst-reactant-type of the problem helps obtaining a proof for this
theorem. In a first step we will show that there exists a strong unique solution
X for equation (7.17), since g is locally Lipschitz-continuous. That means for any
Brownian motion path W!(w) on a probability space (€', A’, P’) there exists a path
X (w) which solves the catalyst’s SDE for this specific w € €. After that we show
in the second step that the solutions of the catalyst die out after almost sure finite
time. Then in the last step we take a fixed catalyst path X (w) and consider (7.18)
for this single path. This fixed reactant SDE has a strong unique solution and
altogether we get that whenever starting with two independent Brownian motions
we can construct a solution (X,Y") of the SDE system.

The proof of this theorem is split up in three parts. We will put the proof of this
theorem in the next subsection and denote the steps here in a short overview:

Step 1: The catalyst SDE has a unique strong solution.
Step 2: The catalyst dies out after almost sure finite time.

Step 3: The reactant SDE for fixed catalyst has a unique strong solution.

7.4.2 The proof

STEP 1: The catalyst SDE has a unique strong solution
Let us start with a lemma about the catalyst:
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Lemma 7.4.2 (The catalyst SDE has a unique strong solution): The SDE dX; =
V9(Xy) AW} has a unique strong solution, for g satisfying Condition 2.1.3.

Remark 7.4.3:

The theorems used for the proof in this first step are due to Engelbert and Schmidt
and are well presented in [ [ Their approach to one-dimensional problems
allows deeper results than the multi-dimensional theory via Lipschitz-continuity. The
latter is presented in Theorem 5.2.1 in the SDE book [ | of Oksendal. They
cannot be used as there was not postulated a global Lipschitz-continuity for g. We
did not postulate that, since we also wanted to treat cases where g grows faster than
linear. O

ProOOF: This proof relies on Corollary 5.10 of | |, which says that there exists
a strong unique solution to dX; = o(X;)dW,, if the four conditions (E) and (i)-(iii)
hold for functions f : R — [0,00] and A : [0, 00] — [0, o0]:

(E)

T+e

[(0) C Z(o)ie. : {z € R :Te > 0 5.8, /_ Ufgfy) — 50} C{z €R: o(z) = 0}
o (7.19)

(i) at every x € I(0)¢, the quotient (f/0)? is locally integrable; i.e., there exists
€ > 0 (depending on x) such that

/:+6 <M>2dy < 00; (7.20)

—e \o(y)

(ii) the function h is strictly increasing and satisfies h(0) = 0 and

/ h™2(u)du = oo; Ye > 0 (7.21)
0

(iii) there exists a constant a > 0 such that
|o(z+y) —o(x) [< f@h(y]); YzeRyel-a,a] (7.22)

Assertion (E) is relatively easy to prove: Since g is continuous, g(x) must be zero,
if x € I(0). The remaining three points will be proven in reverse order, since it
seems more intuitive: As g is locally Lipschitz-continuous, for any compactum K
there will be a constant Ly, s.t.:

| g(x) —g(y) IS Lg |x—y|; Va,ye K. (7.23)

See the Appendix B.4 for a proof. Set K(x) := [z — a,z + a]. Then Lk, is finite

for any = and a since the interval is compact.
Next define f(z) = 2/(2 ) and we have:

|V +y) = V@) P<lgl@+y) —g(@) |< Lge |y Yy €l-ad. (7.24)

But this is the squared version of (iii) for h(u) = u!'/2. This function h also satisfies

condition (ii) since u — 1/u is not integrable in a neighbourhood of zero and the



7.4 Existence and Uniqueness of (X,Y") 52

other conditions being clearly satisfied.

It remains to show (i). But the integral will be finite if one chooses x — e > 0, since
the denominator stays strictly away from zero and the nominator is bounded from
above by Lg for K =[x — € —a,x + €+ al. O

STEP 2: The catalyst dies out after almost sure finite time

In the third step we want to prove that for a given sample path X;(w) = z(t)
of the catalyst, there is a solution to the reactant SDE. Before we can do that we
need to know a bit more about the catalyst. The following lemma shows that it
almost surely dies out after finite time and this will prove Lemma 2.2.4 about the
extinction time of the catalyst:

Lemma 7.4.4: Every catalyst process X with g satisfying the usual conditions dies
out almost sure in finite time, i.e.

0 =inf{t >0: X; =0} < 00 a.s. , (7.25)
and 0 is an exit boundary for X.

Proor: We will use the notations and theorems from [RW79, Sections V.44-51].
Another fine account for boundary behavior of diffusions is given in [[K'T81].

Since the catalyst SDE (7.17) has no drift, X is on the natural scale (i.e. the
scaling function is the identity). From equation (47.30) in [RW79] we see that the
speed measure m is given by:

1
m(dx) = 9@ dx. (7.26)

First we need to check that 79 < oo a.s. by Theorem 51.2(ii) and for that purpose
calculate by taking into account (G4) from page 14:

d o(e)
/ xm(dm):/ x—xg/ xcl——i_edx:
0+ o+ 9(x) 0 zlth

_ d(e
M) e
1-4], 1-p

where one should remember that 0 < 3 < 1. Thus it follows that P*[r? < oo] =
1 Vx> 0.

Now let us check that 0 is an exit boundary by Definition (51.3): Since P%[7" <
oo] =1 > 0, we have that 0 is accessible. However with

(7.27)

/0+ m(dx) > (¢ =€) /05 2770 dr = oo, (7.28)

it follows that 0 is an exit boundary. O

STEP 3: The reactant SDE for fized catalyst has a unique strong solution
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With the lemma from the previous step at hand we will now show existence and
uniqueness of the reactant SDE for a fixed catalyst realization z(t) = X;(w). We
already know that almost surely x(t) will go to zero after finite time 7. For such a
function the following lemma holds:

Lemma 7.4.5 (The reactant SDE has a unique strong solution): For any contin-
uous function x : [0,00) — [0,00), with x([T,00)) = {0} for a T < oo the SDE

dY; = \/bz(t)Y; dW} (7.29)
has a unique strong solution.

PROOF: Since x is a continuous function on a compactum and identically zero
outside, it is bounded from above by a constant k, i.e. z(t) < k ¥Vt € [0,00).
Then due to the continuity of o(t,y) = /bx(t),/y in both coordinates there exists
a weak solution to (7.29), see e.g. | , Theorem 5.3.10]. Since o is Holder-
1/2-continuous in the second coordinate, pathwise uniqueness follows by a theorem
of Yamada and Watanabe for one-dimensional SDEs | , Remark 5.3.9]. But
pathwise uniqueness and weak existence imply existence and uniqueness of a strong
solution (e.g. | , Theorem 26.18] or | , Corollary 5.3.23| ). O

Combining the three previous steps we have shown existence and uniqueness of a
strong solution to the SDE system 7.17 and 7.18. U

7.5 Simple properties of the diffusion process

We will introduce some notation when we start the processes. If Xg = x > 0 and
Yy =y > 0, then we will denote the solution of the SDE (or the martingale problem)
for these initial values by (X[, Y;"Y). This makes sense, since the catalyst evolves
autonomously of the reactant and so the initial value of the reactant does not influ-
ence the evolution of the catalyst. Sometimes we also might consider probabilities
or expectations for given initial values. Then it sometimes is helpful not to fill the
formula with two many superscripts and we will denote the probability as P,
and the expectation as E(, ). If not required for our considerations at all we try to
avoid the sub- and superscripts for a better reading.

We begin with some expectation values of the catalyst and the reactant diffusions:

Proposition 7.5.1: [Ezpectation values of the SDE system] If (X*,Y*Y) is a
unique strong solution for the martingale problem (A, 0, X 6y), then we get the fol-

lowing expectation values, where v is a constant only depending on g and «, C is as
in (G2) from page 1}:

0<a<2:

E[X{] =z BY;"] =y,

7.30
E [X7Y{"Y] = 2y, (7.30)
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0<a<l:
E[(X))Y] <1+, (7.31
Blg (X7)] < C(2+ ), (7.32)
1<a<?2:
T\ « C+ Y Ca(a—1)t C+ Y
< -~ - = .
E[(Xt)]_<a: + c )e o (7.33)
E g (X})] < (Ca® + C +7)ef@ D —y, (7.34)

PrOOF: The first statements in (7.30) are clear, since X and Y are martingales.
Additionally XY is also a martingale, since U does not contain any cross-derivatives
of x and y.

More interesting are the other results. It is clear that (7.31) implies (7.32) and
(7.33) implies (7.34), since from the condition (G2) on g (in page 14), we have:

Efg (X)) <E[C(+ (X{)Y)] < C+ CE[(XF)Y]. (7.35)
So now we will show (7.31)

0<a<1: An easy calculation gives:

E[(X7)*] = B [(X7)" Lixpen + (X)) Dpxrany] < -
S1+E[X{ Ly <142,

1 <a<2: For this case we will apply Ito’s rule for the function x +— z® and take
expectations:

E[(X{)"] =2+ E Vot Q(Xg»‘)oz—l\/g(Tsz)dWs]

=z + ala — 1)/ E, []l{XSSI}(Xs)a72g(Xs)] ds
0 (7.37)

+ala=1) [ Be (oo ()0 2(X0)] ds <
<z + ala — 1)/ E, [Lix,<13(Xs)* *v(X,)!] ds
0
+afa=1) [ Br [Lpan (X070 + (X)) ds

Here v is a real number, s.t. g(z) < v holds on [0,1]. This exists by the
conditions set on g on page 14:

If a is s.t. [0,a) is a neighbourhood of zero, where the Lipschitz-constant L
in zero bounds g(x)/z, then we have

g(x) < Loz for x € [0,a) (7.38)
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on the other hand g(z)/x is continuous on [a,1], so bounded by a constant cg.

If ~y is chosen to be the maximum of Ly and ¢y /a, then we are done.

To continue with (7.37), we look at the first summand of the expectation and
use the fact that the random variable was truncated to be smaller than 1. For

the second summand use that o — 2 < 0:

E[(X)Y <2+ ala—1)(y+CO)t+ala —1) /Ot CE[(X®)*ds (7.39)

This already makes you look for Gronwall’s inequality, which we adapt now

to get:
E[(X])?] < 2“4+ a(a —1)(y + Ot

t
+Cala=1) [ @ +ala =Dy +C))eC 0 gy
0

7Ca(a71)s]t
e 1 )™ Co(a—1)t [6 0
4+ ala—1)(y+ CO)t + Ca(a —1)z“e —Cala—1)

t
+Ca?(a—1)2*(y + C’)eca(afl)t / se—sCa—) gg =
0
=z + afa — 1)(y 4 O)t + (oDt _ 1)

e*Ca(afl)s ¢

—Ca(a—-1) o +

+ C(XQ((X _ 1)2(,_Y+C)60a(a—1)t ( S

1 o
- oz(oz—l)sd _
+ Cala — 1)/0 ¢ S)

=a(o —1)(y + O)t + 22(C@ V) —ta(a — 1) (v + C)

+ gl _gceCa(afl)t [_676'0:(0:71)3]
1+C) caa-ne _ 7 EC
C c

0

:(l‘a +

Then we are done and have shown the proposition.

(7.40)

O

Another easy to verify consequence of the SDE-structure is the following propo-

sition

Proposition 7.5.2 (Quadratic Variations): If (X*,Y*Y) is a strong unique solu-
tion for the martingale problem U with initial values Xg = x and Yy = y, then we

have:

(X, X); = /0 g(X,) ds,

t

<Y’Y>t :/ XSY;; dS,
0

(X,Y), =0.

We will omit the proof of this proposition, which can be done as in |
555. The third statement can already be concluded by proposition 7.5.1.

(7.41)

|, page
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7.6 The Feller-property of the diffusion process

The next a bit more tedious thing to prove is the existence of a Feller semigroup for
the diffusion process (X,Y).

7.6.1 The main result and the strategy of the proof

With the oncoming lemma the proof of Lemma 2.2.2 will be complete:

Lemma 7.6.1: If g satisfies Conditions 2.1.3, then the diffusion process (X,Y) is
a Strong Markov process and moreover a Feller process.

We will do the proof in several steps and separate them in some subsections.

Very fast we will see that the process is Markovian and this will not cost us a
lot of time. It will be a bit more exhausting to show the Feller-property explicitly.
From the Markov property we are given a Markov-semigroup .S;:

Sy :Co(R%,R) — {h : R? — R}, where

) (7.42)
Sif (z,y) = E[f (X4, Y1)| Xo = 2, Yo =y] Vf € Co(R*%,R).

Unfortunately we cannot conclude the Feller-property of this semigroup easily,
since we neither have boundedness nor ellipticity of the diffusion matrix. So we
take a different approach and prove the Feller-property in a direct way. For this we
will use the abbreviation Cy for Co(R?, R). And we need to show the following two
statements:

(i) Vf € Co,Vx,y > 0 : limy—o(Sef)(z,y) = f(z,y) .
(ii) St(CO) C Cy Vt>D0.

They are a sufficient condition for S; being a strongly continuous contraction
semigroup on Cy. This can be found in | , Proposition I11.2.4]. Then we know
that (X,Y) is a Feller-process.

Before these two statements are proven a compact containment condition is
shown. The proof of the second property is split up in two parts as well: van-
ishing at infinity and continuity. The first requires one step the latter four steps.
Altogether we get the following proofing scheme in eight steps:

Step 1: (X,Y) is a Markov process and has the Markov-semigroup S;.
Step 2: (X,Y) satisfies a compact containment condition.

Step 3: Proof of (i). Convergence of the sequence (S;f)(z,y) for ¢ tending to zero
to f(z,y).

Step 4: If f vanishes at infinity, then so does Sif for any ¢ > 0.

Step 5: If f is continuous, then so is S;f: Preparation.

Step 6: If f is continuous, then so is Sif in a point (z,y) with z > 0,y > 0.
Step 7: If f is continuous, then so is Sif in a point (z,0) with = > 0.

Step 8: If f is continuous, then so is S;f in a point (0,y) with y > 0.
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The proof is not put into a “proof environment”, but held within these steps. Some
lemmas and propositions will arise, but all will be belonging to the corresponding
parts of the proof.

7.6.2 The proof

STEP 1: The process (X,Y) is Markov process with Markov semigroup S
Due to the existence of a unique strong solution for the SDE

dX; = g(Xy)dW},
A, = bX;Y;dW2,

the process (X,Y) is a Markov-process. Hence there is a Markov-semigroup S,
which satisfies:

Sif(z,y) = Blf (X, V)| Xo=2,Yo =y] Vf € Co(R%R). (7.43)

STEP 2: Compact containment condition of (X,Y)
In this step we will write an estimate describing how far the bivariate process (X¢, Y7)
can go away from a starting point (z,y) for a given finite time ¢. We will find it
appropriate to use the notation a V b for indicating that in the case a < 1 we have
a and for o > 1 we have b. We start with an easy calculation about the modulus of
X and Y:

B[|(X7.Y7) — (2,)|%] = B(XF — 2)° + (" — y)?]
R /0 VXD W2 + ( /0 XYy aw2)?)
g /0 g(XT)ds + /O bXTYY ds]
- /O (Blg(X?)] + BE[XTYZ) ds.

Now we will use what we calculated in Proposition 7.5.1 :

BICGYE) — )< [ [(0+0)v (1000 + 0 et ).

Cl+z%)+7~

Co(a—1)t _ 1) — ~t.
Cala—1) (e )=

(7.44)

=bryt +t(1+x) V

Now we can use the Doob-inequality for p = 2, since (X7,Y;"Y) — (z,y) is a
martingale with expectation 0 and we get the following estimate:

P[ sup ||(Xy, YY) — (z,9)]| > ko] <
0<s<t
(7.45)

1
< = <xyt+t(1+w)\/

CA+2%) 47, caa-1y
< ciu+af)+y, “1).

Cala—1)
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Remark 7.6.2:
Note that the right hand side is strictly increasing in t. &

Lemma 7.6.3: For any given € > 0,t > 0, (z,y) € Ri, there is a compactum
K = K(e,t,z,y) s.t. the process (X%, YsY) stays within K with probability > 1 — e,
whenever 0 < s < t.

ProOOF: The proof is clear by (7.45). O

STEP 3: Continuity of Sy for t — 0
We start by showing the first condition (i) for the Feller-property. Let therefore
f € Cp a function, (z,y) € R% a starting point and an € > 0 be given. Then all we
need to show is that we can find a tg, s.t.

[(Se.f) (@, y) — flz,y)| < eVt < to. (7.46)

By continuity of f in the point (z,y) it is true that for given € we can find a J s.t.
for all (7,) with ||(z,) — (&, 7)] < &

|f(zy) — f(@,9)] < % (7.47)

Additionally choose tg in (7.45), s.t. for kg = §, the right hand side is smaller than
€/2||flloo- Then we get by the isotonity of (7.45) for t < ty:

|(Sef) (@, y) = f(z,y)] = | By [f (X, Y2) — f(2,y)] | <
<B(uy) [ 1F(Xe, Y2) = f@ )Ly v —@ai<sy + Ly —@al>ey)] <
€ €
<<+ 2lfle

2Afle
(7.48)

This is already what we needed to show for (i).

STEP 4: If f vanishes at infinity, then so does Sif
Let us consider the behaviour of S;f close to infinity. Therefore let an f € Cp, a
fixed time ¢ and an € > 0 be given. We need to check whether Sy f vanishes close to
infinity:

(o im (Sef)(x,y) = 0. (7.49)
T,y)—00
Or equivalently:

Ve In s.t. (Sef)(z,y) < € V(z,y) with either z > n or y > n. (7.50)

It is clear that we need to consider two cases, one where z is diverging and another
one, where y is diverging. We will only deal with the first one, since the methods
for both cases would be the same and the second one is even easier to show.
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So let zy > 0 be given. We will use the Doob-inequality estimate in (7.45) with
ko = x0/2 to get:

X 0, xz X X T
P [IC. Y7 = o)l > 3] < P | s (620,750 — (0.0)] >
2 0<s<t 2
4 CA+25)+7, cafa-1)
<— t+t(1 vV ———— (e¥® -1 ) =
~ bad <xoy +#(1+0) Cala—1) (e )
4 1 1 &
_ byt + 4t +2(L'0 \/402( +.%'0) +’7(6C’o¢(a—1)t _ 1)
xo xg zg Ca(a—1)
(7.51)

Now it is clear that for given t the right hand side can be bounded from above by
any positive bound if xq is sufficiently large (remember that o < 2). Intuitively we
showed that if we start in xy far away from zero, (X;,Y;) can reach an area with
X < x0/2 within a short time with only small probability and we shall use that now
to get (7.49). Therefore we choose zg so large that (7.51) is smaller than e/2||f||]R2+

and s.t. || f|lz0/2,00)xR; < €/2 (remember f € Cp). Then we get

(Sef) (o, y) =BIf (X7, V;")] =

€ €
< f o /2,00) xR, + ||f||Ri m < 2 <
<e.

(7.52)

Clearly the argument still holds for any any other starting point > xy. So for given
e > 0 there is a z¢ s.t. (7.50) is true for all x > xy. For the second coordinate a yq
can be found the same way. Then n = max(zo, yo) makes (7.50).

STEP 5: If f is continuous, then so is Sif: Preparation
The most difficult thing to show is that for given f € Cp, the image under S; is a
continuous function for any ¢. Hence for the oncoming steps keep t > 0 and f € C
fixed.

Suppose the points x and y are fixed. Assume that & and ¢ are close to x
and y and we have solutions to the martingale problem (2.2.3) with initial values
(XE,Yy™Y) = (z,y) and (X§,Y,"Y) = (Z,7). What we need to show is the following:

Ve >0 36 >0 s.t. Yz, g with ||[(Z,79) — (z,y)]| <6 :|Sef(z,y) — Sef(Z,9)] <€
(7.53)

We will do that by showing that the solutions “come together” as time goes on.
To do that we require a coupling argument:

10 (2. ) = Sef(@,9)| <IB [F(XE, YY) = FXE YD) 1+
+ B [F(X770) = £ )| (7.54)

<IFINE[P(Ty 5 > tIX)] + | fIP(Tez > EUTy5 > t),
(7.55)
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where the following coupling times are used

T, :=inf{s >0:Y"¥ = Y2V}
Tz :=inf{s >0: X* = X7},

= inf{s > T,z : V¥ = Y5V} and
< t, where ¢ is fixed.

(7.56)

Y,y
t

The idea is to couple the processes mentioned in the previous lines according to
the technique presented in [Lin92, page 214|. To describe the idea shortly we let
the processes in (7.54) run independently until its coupling times, i.e. the first time
they meet. Then the processes run together and that is why we only need to worry
about the question whether the coupling times can be bounded from above by any
positive ¢, if we choose the initial points  and g sufficiently close to x and .

We will benefit from the catalytic setting of the problem and we note that for the
second summand we first want the catalyst to couple at time T} z, which will be a
very small time and then as the reactants have not moved apart to dramatically we
can still be sure that the reactant couples sufficiently fast.

We treat several cases in the next steps and start with the most difficult one.

STEP 6: If f is continuous, then so is Sif in a point (z,y) with x > 0,y >0
(A) We start with the first summand and give a preparatory lemma:

Lemma 7.6.4: Let a Brownian motion W be given. In the case x > 0,y > 0 the
following holds:
For all s > 0,¢e > 0 there exist 61 > 0,92 > 0 s.1.

PY®Y YY"V > 61) >1 —¢, (7.57)
P(W(r) < & Vr < 6) <e. (7.58)

Proof. The proof is given by simple calculations using (7.45):

S

(Yo, Yoy, = /0 XEYPY dr > (7.59)
_zy

2 5 X —al<g Iy -yl<y vr<a) (7.60)

And by (7.45) and a choice of § sufficiently small (note that the quadratic variation
is monotonous in s) this can be bounded from below with a constant ¢; with prob-
ability > 1 — e.

Additionally by the distribution of level-hitting times for Brownian motion (com-
pare [RYO1, p.107]) it is clear that the second claim also holds by choosing do
appropriately. O

Then we can start thinking about the coupling time T} 5 for a given catalyst
X7 started in a fixed point z. By the Martingale Representation Theorem for the
martingale Y;"¥ — Y it holds for a Brownian Motion W that:

{Tyy >t} ={YV AV Vs <t} = (7.61)
= {(W{Y®Y — Y@V Y™V YOI ) 4y — Vs < t} (7.62)
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and since (A — B, A — B); > (A, A), for independent processes, we have:
{Tyg >t} SAWY™Y, Y ™)) #y—§ Vs <t} (7.63)
By the preceding lemma we get by the first line for a good choice of §; that
P(Ty5 > ) < (1— P(W(s) £ y— ¥s < 01) +c. (7.64)
and then by the second line for choosing y — 7 < d2:

P(T,5>1t) <(1—¢€e+e€<2e. (7.65)

So the right choice of g is already done to bound the first summand in (7.55).
(B) To control the second summand we need to follow some more complicated
paths. First we give a lemma similar to the one before:

Lemma 7.6.5: Let a Brownian motion W be given. In the case x > 0 the following
holds:
For allt > 0,e > 0 there exist 61 > 0,85 > 0 s.t.

P(X", X");>61) >1—¢, (7.66)
P(W(r) < 8 Vr < 6) <e. (7.67)

Proof. The proof uses (7.45) and Condition 2.1.3 ((C2) and (C4)) and is similar to
the one before. For t <t <t and a < 1:

W%Wﬁaéﬂﬁwr

£
) ~ ~
> /0 I e aj<an vosty T Liixe—azae vs<h " (7.68)

t
> i :
B /0\ ze[mln )g(z)]l{|X§C*I|<az Vs<t} dr

T—Qx,00

SV 1+8 z
>z —ax) NGO o ey

But by the Doob estimate in (7.45) the right hand side can be bounded from below
by a positive constant with probability > 1 — € as in the previous lemma.
The second line is proven the same way as above. O

The idea is not to let the reactant move too far apart its starting point until time
t. Hence, for given € > 0, 6 > 0 fix 0 < t < t s.t. (by (7.45)):
PV — | <6 Vs <t)>1—eand

(Vo =gl <o ~) (7.69)

PYPY —gl<dVs<t)>1—e.

Then find, by Lemma 7.6.5 and the ideas at the end of part (A), Z in the neighbor-
hood of z s.t.:
P(T,z >1) <e. (7.70)

(C) To bound the second expression in (7.55) note that:

P(Ty; >tUT,5>t) < P(Ty; >t)+ P(Tez >1NT,; > 1) (7.71)
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The first summand can be bounded by part (B). For the second summand observe
the following:

At time ¢ the processes Y*¥ and YZ¥ differ at most by 26 by (7.69) and the
catalysts have already “merged”. Hence at time ¢ we are in the situation of case
(A) where we need to wait for the merger of two reactants with fixed catalytic
background. But this can be done with a probably different choice of z.

STEP 6: If f is continuous, then so is Sif in a point (x,0) with x>0
We will argue similar as in the previous step, but we cannot apply Lemma 7.6.4:
we cannot bound Y%¥ from below.

We go back to (7.53) and write for £ > 0,7 > 0:

[0 (2,0) = Sif(@,9)| <IB [F(X7,Y70) = FXE V0| 1+
+ B [£(X7, 70 = £ 0] | (7.72)

<IfIP(Toz > 1) + EIf(XT,0) - F(XT,Y0)]. (7.73)

The bound on the first summand is clear by part (B) of the previous step. The
second summand is not too difficult to bound since it is just a one-dimensional
problem. Hence set

Ty := inf{s > 0: Y™¥ = 0} and (7.74)
T 5= inf{s > 0: Y7 = \/j}. (7.75)

Now we divide the probability space into the following three (not necessarily disjoint)
sets:

{To < Tz, To <t} U{T\ 5 <To, Ty <t} U{To >t, T s > t}. (7.76)

Clearly we want to bound the second summand from above with the help of these
sets. Note that

P(T ;5 < To|XZ] = /9. (7.77)
Hence,
E[f(XE:?O) - f(Xtiv Ytj,g)] (778)
<0+2[f|P[Ty5 < Tol(XJ]+E[ sup [f(X{,0) = f(X],2)]). (7.79)
2€(0,v/%)

And since f is continuous in the second coordinate 0, we can choose ¢ so close to
zero, s.t. the right hand side is bounded by €. If additionally for the first summand
we had chosen Z so close to  that

[FIP(Tez > 1) <e, (7.80)

then we obtain:
ISt f(x,0) = Sef(z,7)] < 2e. (7.81)

Hence this step is done.

STEP 7: If f is continuous, then so is Sif in a point (0,y) with y >0
This step involves similar problems as the previous one: non-applicability of Lemma,
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7.6.5. The advantage, however, is that we only have to deal with some sort of one-
dimensional problem. We have:

1S:£(0,9) — Sef (&, 9)| <IF(0,y) — £, )] + B | £(0,7) — F(XF,Y,29)| | (7.82)

The first summand can be bounded by the right choice of § and the second one
needs a similar argument as just before: Let us first couple the catalyst X* to zero
and after that “short” time the reactant has not left § too much:

Tp := inf{s > 0 : XZ = 0}, (7.83)
T = inf{s > 0: X7 = Vz}. (7.84)

Then we divide the probability space as in the step just before in (7.76) and get:

B [£(0.9) — FOXT, YD) | <EN£0,5) = F0,5,7)] + 20 fIIP(Ty > T, 5)

+E[ sup [£(0,9) — f(z,Y,7)).
2€[0,/7]

(7.85)

Here we introduced Yt"g as a stochastic process given as a reactant, whose catalyst
total mass is in between 0 and vVZ. We need to show that Y;”y is not too far from
7. By the Doob-inequality:

_ 1 t _
P[sup [V —g| > 6] < —E[/ bX,Y,*Y dr]
0

0=t o (7.86)
< ﬁ\/Eg.
i
And if we choose Z so close to zero s.t.
- 5%6 €
V< ST " 3 750
and 7 s.t.
1£(0,y) — f(0,9)] <¢€/3, (7.88)
we get that by (7.85):
15ef(0,y) = Sef (@, 9) < e. (7.89)

And that was all we needed to show.

STEP 8: If f is continuous, then so is Sif in the point (0,0)
The shortest and easiest step is hopefully a good time to recover for the reader:

15:£(0,0) = S:.f(2,9)| < 1£(0,0) = f(0,9)[ +[£(0,9) — Sef (&, 9)]. (7.90)

The first summand can be bounded by continuity of f and the second summand
can be done as the previous Step 7.

Now all the steps we needed to prove the Feller-property of (X,Y’) are taken.
Therefore Lemma 7.6.1 is proved. OO



7.7 Convergence of the total mass process to (X,Y) 64

7.7 Convergence of the total mass process to (X,Y)

Now we will prove the convergence of the total-mass-processes, Theorem 2.3.1:

Theorem 7.7.1 (Weak convergence of the total masses):
When g satisfies Condition 2.1.3, then

L[(n*8" 0] = L[(X,Y)] as n — oo, (7.91)

where convergence is weak convergence in the path space Dg_ [0, 00).

The proof of this theorem can be put into a wider context. For diffusion limits
there is a wide number of theorems available, some of which can be found in | |-
We will give a rather general proposition, which does not use the Feller-property
shown in the previous section. We will show the following proposition:

Proposition 7.7.2: Let (Z"),en be a sequence of martingales in RY corresponding
to closable pregenerators Q" on C.(R4,R). Z™ has cadlag paths and satisfies the
compact containment condition.:

For every A\ > 0 and T' > 0, there exists a compact set 'y C RY,
independent of n such that

inf P[Z"(t) € Taq for 0<t<T]>1— A (7.92)

Let additionally Z be the R%-valued unique solution of the (Q,D()) martingale
problem, where D(Q) C Co(R4, R). Assume that C is a core for Q and the following
two properties hold:

(i) LIZ5] — L[Z],
(ii) For every f € CX it is true that:

lim [|Q"f — Qf||ge = 0. (7.93)

Then Z™ — Z, where convergence is in distribution in Dga[0, 00).

PrOOF: The proof will go along some theorems from | |, explicitly Theorem
3.9.1, 3.9.4 and 4.8.10, which are all quoted in the appendix.

The proof is split into three parts. In a first part we will show tightness of the

sequence (Z™)nen in Dga[0,00) by Theorem 3.9.1 and 3.9.4. In a second part we
will show convergence of the finite-dimensional distributions of Z" to those of Z
and the third part puts together these results and shows weak convergence in the
path space Dg|0, 00).
(A) We use Theorem 3.9.1 in | | and notice that the compact containment
condition is already given. So it suffices to verify relative compactness of (foZ™),en
for any f € H = C®°(R% R). Thus we can look at Theorem 3.9.4 and we only need
to show that for any f € H, T' > 0 condition (3.9.18) holds for p = 2:

T
n ny |2
Slrlsz[/o (" IZ)|7dt| < o0 (7.94)
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Let us start the calculation:

Q" A)(ZN < 20 (Z0P + Q" ))(Z]) = (QHEZ0P)- (7.95)

The first summand is constant in n and bounded from above by a bound on deriva-
tives on f (remember that f has compact support). The second one is bounded
since we have (7.93) on compacta. With this easy argument, the first part is al-
ready done.

(B) In the second part we use Theorem 4.8.10 and show (c) to get the convergence
of f.d.d.’s in (a) and we note that Z was the unique solution of the (€,D(2))-
martingale problem. By the first part (Z"),cn is relatively compact and we take
M = {1(_sa)(s):a,s €Q,s > 0}.

Let f € C(RYR), T >0, &,(t) = f(Z1), oult) = (Q"F)(Z}). Now we have to
check (8.51),(8.52), (8.53), (8.54) in chapter 4 and the martingale property (9.16) in
chapter 3. The martingale property is satisfied, since Z™ is a solution of the discrete
martingale problem. The first condition (8.51) is verified, since f is bounded. We
show (8.52):

Ellen®)]] = ENQ"f(Z)]) < EQN)(Z]+EN( Q@ )(Z) = (QF)(Z)]]. (7.96)

With the same arguments as in the first part this expectation is uniformly bounded
in n and in a time 0 < ¢ < T. So (8.52) is shown. Clearly (8.53) holds by definition,
so it only remains to show (8.54):

Ellon(t) — Qf (Z7)]] = E[1Q"f(2)") — 2 (Z)]] = 0 as n — oo, (7.97)

since f has compact support and by (7.93). So the second part is also done.

(C) In this part we use Theorem 3.7.8 of [[/1{86]. The requirements of (b): relative
compactness and f.d.d. convergence are fulfilled and were shown in the first and
second part. So convergence in path space follows: £[Z"] — L[Z] in Dga[0,00). O

Now it is an easy exercise to adopt this proposition for the proof of Theorem
7.7.1:

ProoF:  (of Theorem 7.7.1 )

We set 2™ = (ntotmn ¢t4n) and Z = (X,Y). Then all we have to do is to show the
requirements of Proposition 7.7.2, where the index in the bracket indicates where
they were already proven:

o (ptotm gtotn) N satisfies the compact containment condition (Lemma 7.3.3),

o (niotm ¢Whn) has cadlag paths for each n (Lemma 7.2.1),
e The (U, D(U))-martingale problem has a unique solution (Theorem 7.4.1) .
e For f € C°, we have HUnf—UfHRi — 0 asn — oo.

We only need to show the last argument and let f € C2° be given. Let K be the
compactum in Ri, s.t. flge =0. Then we have

1Unf=Ufllrz = Unf = Ufllx
n? 1 1 n? 1
=I5 9@)f @+ —.y) = 2f(2,9) + flz =~ y)] + S bylf (2,9 + ) (7.98)

92 92
—2f(w,y) + f(z,y — %)] - %g(w)a—xz(w,y) - %bwya—g(%y)llfc
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With Taylor’s expansion up to second order of the non-f(z,y)-summands around
(z,y) we get:

1 ) 1 A
1Anf = Aflles, = 20l5-9(2) fawa (@, y) + 52y fuyy (@, 9) | < (7.99)

1 . .
SEHg(l‘)fzzz(l‘,y) + 02y fyyy (%, D)l (2,4, 3,9)ex — 0 as n — oo.

This is all we needed to show. So we can use Proposition 7.7.2 to show Theorem
2.3.1. O



8 Proofs of the main results from
Chapters 4 and 5

Within this chapter the proofs of the main results from Chapter 4 and 5 are pre-
sented. They are put together in one chapter, since the proofs used for the tree-
valued-process and the contour-process depend on each other by the mappings C
and 7, which map trees to contours and vice versa.

8.1 Preliminary considerations for the quenched analysis

8.1.1 Regular conditional probabilities and quenched analysis

The quenched analysis will present some results about the reactant process condi-
tioned on the catalyst total mass process. In order to describe results about the
quenched point of view it is sufficient to consider single catalyst sample paths only.
This is true since T™°" and DRi [0,00) are complete and separable metric spaces.
Therefore by Theorem 5.3.19 in [ | regular conditional probabilities, i.e. ker-
nels, exist (see Theorem A.2.1 in the Appendix):

K(n, 4) = P [((5™)e20, €5 € Al )0 = 1] - (8.1)

Clearly the same is true for the rescaled processes and the diffusion, where for each

we get a transition kernel: All of these kernels can be brought together as different
kernels on the common probability space as in Definition 2.3.3. Indeed we think
of all rescaled catalysts realized on the common probability space as in Chapter 2,
(2.18):

K™(n, A) := prob. of n-rescaled process in A under n*%" =7 | (8.2)
K(x,A) := prob. of limit process in A under X =z . (8.3)

Note that yet we cannot really speak about the second line, since we do not know
if a limit object exists for trees or contours. As later we will be able to show that,
we do not hesitate to introduce the notation already.

8.1.2 Specification of the quenched catalysts

This is the point where we do not take the catalyst processes to be generated by
a catalyst branching scheme, but by a wider class of processes, and as we already
conditioned, by a wider class of functions.

Take a fixed sequence of cadlag functions " and a continuous function x s.t.

2" :[0,#"] — R, and

z:[0,f] — Ry 8.4
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The first function x shall play the role of the total mass diffusion X as part
of the SDE (2.9). The functions z" shall play the role of the discrete total mass
processes 7'°%" as part of the individual branching rate of the reactant. Therefore
the functions are additionally required to have the following properties:

Condition 8.1.1: (3) z(0) =2"(0) =1,
(ii) x(t) = =" (i") = 0,

(1ii) before the absorption times x and ™ are strictly positive: x"(c) > 0, when
ce (0,&"),

(iv) t" — t as n tends to infinity and
(v) for any T > 0 it holds:

lim sup |z"(t) — z(t)| = 0. (8.5)
n—00 1<

Indeed the catalyst total mass process and its rescaled versions definitely satisfy
all these conditions, see Corollary 2.3.2 and (2.18).

But note that there are also some properties, which 1*! has, but which are not
necessary for the proofs to come: it is not required that the jumps of ™ are of mag-
nitude 1/n only. The range of possible catalysts is therefore indeed wider than the
ones given by the catalyst total mass process in Chapter 2. Any rescaled sequence
of functions satisfying the Condition can be a catalyst and the proofs can be done.

Remark 8.1.2:

From now on take the functions " and x to be fized for the whole chapter. All
probabilities even if not explicitely indicated are understood to be quenched, i.e. con-
ditioned on N = 2" X = x.

We will abbreviate notation and simply write £EX°7™ for the reactant forest with cat-
alyst ™ and which is cut at the height of the non-random extinction time t™ of the
catalyst. O

8.2 The reactant limit forest exists: The proof strategy

The main theorem from Chapter 4 claims that the sequence of rescaled trees con-
verges:

Theorem 8.2.1 (The reactant limit forest exists):
There exists a random variable YT € T s.¢.:

o [glormy povn] 2=, g [yfor, x| (8.6)
The law of Y is given by
L [onr;X} =lim £ [T((Cg)ogugam)} ; (8.7)

where convergence is in the Prohorov-metric of probability measures, T is the map-
ping described on page 31.
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The diffusion ¢’ is the unique solution of the (A%, D(A%)) martingale problem, where
D(A%) is given by:
f'()

D(A%) = {f € C1([0,7°),[0,00)) : f|0.05} = O, < € Chro([0,00)}  (8.8)

and for each f € D(A%):

4 f(e) = (?X—f><> (5.9)

Furthermore ayy, is the local time inverse at level O of ¢ of %.

The proof of this theorem will occupy the rest of this chapter, since it is rather
involved. We will split the proof in several sections containing various lemmas, but
also some theorems, which are worth to be mentioned as well. In a short description
the proof goes like this:

e First we show that the sequence (ftfor’";ntOt’”)neN is tight in T°'. This is
done with an argument that shows that the structure of the reactant tree is
rather regular with respect to the catalyst: one can find an e-net in each tree,
where the overall number of net-points is bounded uniformly in n for a fixed
catalyst. For this see Section 8.3.

e In a second step we translate the problem from the tree-setting to the contour
setting. In the contour setting the cut reactant contours of trees which are
cut at a certain height form a tight series and all possible limit contours solve
a martingale problem. This martingale problem is then shown to be uniquely
solvable. Therefore the cut contours converge weakly to a cut limit contour.
This can be found in Section 8.4.

e In the end we show that the unique cut tree corresponding to the unique limit
contour form a Cauchy sequence in the contour cutting parameter. But any
limit point of the tight tree sequence (ﬁ[gfm"’"; ntOt’"])n oy must have the same
law on the cut trees. Therefore there can only be one limit law on T™°, since
the cut-tree law is uniquely determined by the unique contour law. This part
is done in Section 8.5.

Each of these points is shown in an own section.

8.3 Tightness of the reactant tree-valued process

8.3.1 The main result and the strategy of the proof

In this section we do the first step to prove Theorem 8.2.1 and prove Proposition
4.2.1. This proposition claims:

Proposition 8.3.1: Under the hypotheses of Condition 8.1.1 the family (£°77),cn
is tight in TTo°,
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Since the proof is a bit longer first the strategy of the proof is given and then the
formal proof follows.

In fact by Lemma 2.5 of [-PW06] what needs to be shown is the following:
For each v > 0 there is a compact subset I’y of T™°" such that for all n € N:

Plcorm e T > 1 — 4. (8.10)

To get this for fixed n assume each tree 7" to be cut in e-thick slices. Each
slice contains a certain number of different arc pieces. Out of each arc piece choose
a single point.

If with high probability an upper bound n(e) on the number of these chosen points
can be given for each ¢, then by Lemma 2.5 in [EW06] we have a precompact set.
Moreover this upper bound can be established with high probability for the random
set of forests £1°7". So the main task will become estimating numbers of ancestors
and hence it is good to look at the tree from a backward perspective (look-down).
Indeed this bound can be given via an argument from [D96], which relates looking
at branching in inverse time on the one hand and to the Kingman coalescent on the
other hand.

Therefore, the proof is split into the following steps:

Step 1: The Kingman coalescent and its behaviour close to zero.

Step 2: Description of a set I, C T™° of trees which is precompact in the
Gromov-Hausdorff-metric using [FPW06].

Step 3: Branching looked at in inverse time direction is like a time-changed King-
man coalescent, as in [DK90].

Step 4: Proof of the tightness property, via showing that the rescaled reactant trees
are in I'y 7, with probability 1 — ~.

8.3.2 The proof

STEP 1: The Kingman coalescent

In 1982 J.F.C Kingman presented in his paper [[{in82] the so-called “Kingman”-
coalescent. It is a stochastic process describing the evolution of a partition of an
arbitrary countable set. Each pair of partition elements merges after exponential
time independent of all other possible partition elements partners.

To be more precise let a n € N and a set A containing at least n elements be
given. The n-coalescent (Rgn))uzo is a process starting with the partition of the
set A into n different partition elements Ay, As,..., A,. There are (72‘) possible
pairs of partition elements, which merge at constant rate 1 each. After the first
merging of two partition elements there are n — 1 partition elements left and the
process continues as before by merging at constant rate of the now possible (";1)
pairs. The process continues until it reaches the exit state, where there is only one
partition element left, the whole set A. Let the times between two mergers from k
to k — 1 partition elements be called Tj. Then this time is exponentially distributed
with mean 2/k(k — 1).

It is possible to extend this definition to starting with a given countably infinite
partition of the set A. When reaching a partition with n partition elements this
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process continues as the merging for the n-coalescent. This extension is possible
because of the convergence of the sum of the expectations of T, and the process
shall be called the coalescent (R;)¢>0. More about this is reflected in the Appendix
B.1.

Quite many things are known about the Kingman coalescent, some of which can
be found in | |, page 27. Here we will state an easy lemma we use later on:

Lemma 8.3.2: For the Kingman coalescent (Ry),>o it is true that
E[#R,] < 16/t + 3. (8.11)

PrROOF: The proof consists of four small parts and essentially only uses the Markov
inequality:

(A) By definition #R; is the number partition elements at time ¢. It is a death
process starting at infinity with rate (g) in state k. Then each of the waiting
times between k and k£ — 1 partition elements is exponentially- ( ) distributed. Let
T1,T5,... be this sequence of independent exponentially distributed random vari-
ables With E[Ty| =1/ (g) Then it holds for

Su=Y_ T, (8.12)
k=n+1
that
{8, >t} = {#R, > n}. (8.13)

(B) Additionally calculate the Legendre transform of S, for A < (3):

k=n+1 k=n+1 2
= exp (— Z log(1 — %)) < exp ( Z % m) (8.14)
k=n-+1 () k=n+1m=1 (2)
> 7
(k n+t1 -1- 2>‘>
By choosing A\, = A = @ we get:

Ele* 9] < exp <4n(n —1) Z oo(k(k — 1))1> = exp(4(n —1)). (8.15)

k=n-+1

Then we get by the Markov inequality:

PI#R; > n) = P[S, > t] < e ™ E[e™5] < exp(— 2 +4(n — 1)). (8.16)
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(C) With the help of the preceding we can bound the estimation of # R;:

E#Ry) = ZP #R; > n]

L16/tJ 00
< Z [#R: > n] > P[#Ri > (8.17)
n7|_16/t+1j+1
16 = —(n—1
< ry + Z e~ (),
n=[16/t|+1

An estimate of the last sum yields:

E[#R,)] < % +3 (8.18)

STEP 2: A precompact set I'y in root

The construction of I'; is the next point to do now. Lemma 2.5 from [\ 06] will
be used, which states that a set in T™°' is precompact, if it has an e-net, i.e. for
each tree in this set, there are at most n(e) points in each tree, s.t. every point in
the tree is covered by balls with radius e around these n(e) points.

Let a set of trees and € > 0 be given. First cut the trees horizontally into slices
with height €. Each slice contains a certain number of different arc pieces. Out of
each arc piece choose a single point. To get precompactness of this set of trees by
Lemma 2.5 from [EPW006] it is sufficient that the number of these chosen points
is bounded uniformly by a constant in the set of trees. This is in fact the way to
construct the compact subset I',.

First some notation is introduced. Therefore remember the definitions of the tree-
height h, the cut-operator @, the leaf-operator 9Q; and the trimming operator S¢
in Chapter 3 (Definition 3.2.1). Then define A!__(T,p) to be the set of ancestors
at time t — € of the individuals alive at time ¢, i.e.:

AL (T, p) = S(Qu(T. p)) N IQi—o(T. p). (8.19)
Then we construct precompact sets as follows:

Lemma 8.3.3: For a positive non-decreasing sequence of integers (L™ )men, the
set

[20m T (T, p) 1]
00 (m+1) m
I :={(T,p) € T : S #A’gQ 1y2—omin (T, p) < L™Vm € N} (8.20)
k=0

is precompact in T,
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PrOOF: To prove this lemma we use the already mentioned Lemma 2.5 in [EPW06].
We use the following observation: If we choose mg = [— logy €]VM, then 2~ (mot+1) <
€¢/2. That means the slices corresponding to mg are thinner than e/2.

Now we will prove that for a given (7',d, p) € I' the following set R is an e-net of
T:

[20m0 T R(T,p) | -1
—(mo+1)
ReT) = | AR (@), (821)
k=0

Given a point x € T and its height h(z) = d(p,z), the point x must have an
ancestor a; at the time 2-(m0F1) | 2mo+Dp(2)| just before (on the floor of the z-
slice). This ancestor clearly has another ancestor as in the slice before at time
9~ (mo+1) | 9(mo+Dp (1) — 1]. But this ancestor ay has children in the next slice,
namely aq. So for individual as it holds that:

90— (mo+1)([2(m0t D n(a) )

as € AQ_(mO-Q—l)LQ(mO‘H)h(JJ)—lJ

(T, p), (8.22)

and since slices are at most €/2 :

2= (mo+1) | 2(mo+ D) p(g) |
HS Be (AZ_(mO-H) \_2(m0+1)h($)—1j (T, p)) (823)

Thus all points lie in balls around the e-net (x is in fact in the annulus between
radius €/2 and €). When thinking of the slices-idea then we left out the last slice,
but this will be helpful further on, since the last slice can contain some problematic
branching behaviour.

What remains to show now for the application of the cited lemma is that the
number of points n(e,T’) in the e-net R(e,T) for each T € I' is bounded uniformly
by n(e) < oo. But this is clear by definition of T, since n(e,T') < L™°. So for any
given € > 0 choose n(e) = L™°. Hence the lemma is proved. O

STEP 3: The look-down: From the tree to the coalescent

The interesting thing to do now is to give a uniform estimate in k, m and n for the
number A?;?:;?Qtl()m +(T), when T' = gforn We get that estimate by the look-down
from the top of the tree. Branching in forward time means coalescing in inverse time.

To calculate this estimate a concept developed by Donnelly and Kurtz (see [DI1<96,
Section 3] using the Kingman coalescent introduced in Step 1 (see [[Kin&2]) is used.
In their paper they consider a population of particles evolving in continuous time
with branchings after exponential-one-times. FEach of the particles is assigned a
different level. They proof in Theorem 3.2 that the number of parental levels at
time t — u of the children levels at time ¢ has the same distribution as the Kingman
coalescent at time u. What we need here is just the same: we do not speak of levels,
but of different individuals.

Here, however, the situation is a bit different. A branching event after time ¢, at
time ¢ 4w of a single particle occurs not at the first jump of N(u) as in [DI<96], but
at the first jump of N(n tHu ba"(s) ds).
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Consider now the non-random time change v%"(u) given by

/t nbz"(s)ds = u. (8.24)

_Vt,n(u)
This change is strictly monotone in u since the integrand is positive as long as t < 0.
Then for a Poisson process N it is trivially true that:

N nba™(s) ds) = N / ds). (8.25)

t—vtm (u) t—u

Now fix u,t > 0, where OV(t—f(f nbz™(s)ds) < t—u < t, which is always possible,
for example if 0 < u <t —§. Then

#Ai—utv”(u) (grm=™y = number of levels at time ¢ — v5™(u),
which have descendants at time ¢, where branching
occurs with rate nbz"(s)
= number of levels at time t — u,
which have descendants at time ¢, where branching
occurs with rate one

=#R(u),
(8.26)

where R is the Kingman coalescent and this last result was shown in Theorem 3.1
in [DIK96]. Furthermore

W)L () = u = /t nba” (s) ds, (8.27)

_ptin (u)

which implies

W)L (@) = /t b (s)ds. (8.28)

Thus we get that

t
H#AL (glomm™y — wR( / nbz"(s) ds). (8.29)
t—i

Now recall what we have done in Step 1. In Lemma 8.3.2 an estimate for E[#R(t)]
was given. By applying this result, we get

E[#Al_;(£°"")] < 16 ( /t t nba"(s) d5>1 +3. (8.30)

u

STEP 4: Proof of Tightness via the previous steps
Now to show the proposition we apply the previous results to show that (8.10) holds.
First we note that the height of the reactant tree is bounded by ", the hitting
time of zero of the catalyst sample path z”. Since these hitting times converge
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to the hitting time  of the diffusion catalyst, all of the reactant tree heights are
bounded from above. We manipulate the expression on the left hand side by simple
rewriting and the Markov inequality:

[2tm D R(ghorm p)-1)

or,n —(m+1) or,n m
P el]==P[ Y #AL(I ™) < LVmeN]
k=1
|20+ gn 1
(m+1) or,n m
>1- Y P Z #AZ <m+1)]fk 1 (£ = L™
= 8.31)
1 L2(m+1)tn lJ ( .
(m+1) or,n
>1 - Z L—mE[ Z #A2 m+1)kk 1) (éf ™)
m>1
1 \_2(m+1)t"—1j
—(m+1) or,n
>1 - Z m Z E[#A;(mmfk_l)@f ™).
m>1 k=0

At this point we use on the right hand side above the result proven in the previous
step:

2m+1£n 2—(m+1) g -1
P[gfor,n e F] >1— Z — 16 + 16 / nbxn(s) ds . (832)
= L 2—(m+1) (k1)

To control this expression in n we have to use the convergence of the catalyst to the
diffusive limit x. Therefore consider a fixed m and take any €,, > 0, such that

€m <1/2  min  z(s). (8.33)
0<s<t0—2—m

Then one can select a natural number N, ,, such that Vr < {0 —27m > Nem:

1/2  min  z(s) < z(r) — ey < 2™(r). (8.34)
0<s<f0—2-m

Now choose L™ so big that it satisfies the following two equations:

(1 m
L™ > 4m+bi <ﬂ> 16 (( min  bX,)"! + 1) (8.35)

Y 0<s<i—2(m+1)

and

L™ > 4tmtn (H—7> 16  sup <( min ba™(s)) "t + 1) . (8.36)

v n<Nep.m \ 0<s<E—2(m+1)

Then obviously for this fixed m it holds that in the case n > Ny, .

4m+1£n -1
16 min nbx"(s)ds +1
Lm <osSs£0’n (=) )

m+1fn -1
< 4 Lmt 16 ((1/2 min bXS> + 1) < (8.37)

0<s<{0—2—m
m
<(i55)
14~
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and in the case n < Ny, ,,:

gm+1in -1 ~ m
. n < (7
T 16 <0§r§1§12)m nbx"(s) ds) +1] < <1 n 7) . (8.38)

So we are done since then in both cases we obtain for any n € N:

22m+2£n -1
Pl e > 1~ Z o <0< 2&227771 nbx"(s))
mzl o (8.39)
~
>1—- —_— =1-7.
() =

So we have shown that with probability > 1 — ~ the reactant forest ¢f"" stays
within a precompact set. Hence the sequence (Cfor’")neN is tight.

After finishing all four steps we are done with the proof of Proposition 8.3.1.
Ood

Next we would like to show that there exists a unique limit. This task will take
several steps and will start with results about the contour process.

8.4 Convergence of the truncated reactant contour

This section is devoted to show Theorem 5.3.1 about the convergence of the reactant
contour process. Since contour and tree are related via the mappings C and 7 this
is the next step to come closer to an asymptotic result about trees.

8.4.1 The main result and the strategy of the proof

In order to obtain a result about a diffusion-limit of the contour-process we introduce
some further notation. The key point is to cut off the tree once the catalyst is close
to zero, since there the reactant branching behavior slows down significantly. Hence
we define a d-hitting time of the catalyst. For > 0 set:

0 =inf{t > 0: 2"(t) < 6} <" < oo,

5 - (8.40)
t°=inf{t >0:2(t) <0} <t < 0.

By the cut-operator @); the cut reactant tree, when the catalyst falls below ¢, is
given by: B B

£ = Qs (€"). (8.41)
The theorem we are going to show is in a slightly more general setting than the
original Theorem 5.3.1. The reactant tree is traversed with a general positive speed
kn in the n-th approximation step. In the notation we omit further reference to
the dependence of C on k. In the original setting of the theorem it was £k = 1 and
this will come out to be a good choice for some applications. So the cut reactant
contour with traversal speed kn is given by:

C™0 .= C(E™%; kn). (8.42)
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Then it is possible to establish the following convergence result of the reactant
contour, when the catalyst is given as ™ and x respectively:

Theorem 8.4.1 (Reactant limit contour):
Consider the linear operator (A°,D(A°)), where

Af(e) =1 ( Ll ) (0), (8.43)

2 o Le

defined for f € D(A®) with

D(A%) = {f € C([0,7°],[0,00)) : I| (g 15y = 0,% € C[})m)[o,T‘S]}. (8.44)
Then under the hypotheses (8.1.1), the following holds:
(i) The (A%, D(A®)) martingale problem is well-posed and
(ii) if C° is the solution of the (A° D(A°)) martingale problem, then:

el

n—oo 5
— 4

where convergence is weak convergence of continuous processes.

To show this theorem, first it is necessary to get a clearer description of the
discrete contour process. Therefore it is augmented to a two-dimensional process,
the second coordinate being the sign of the slope of the contour. This R?-valued
process is Markovian and a generator can be identified up to the time the tree is
traversed. The same is done for rescaled and cut contour processes and we forget
about the traversal time L(C,4/b) for a while. So we think of the Markov process
as given by its generator. With the stochastic averaging technique one can show
tightness of the rescaled reactant contours and identify one limit process. This limit
process is shown to be unique. In the next step the traversal times of the rescaled
contours are analysed and compared with the local time of the limit. A last step
puts together the ideas.

The formal proof of this theorem is quite long and therefore needs to be split in
several steps according to the following program:

Step 1: Discrete (contour, slope of contour)-process (C1, V1) is shown to be Marko-
vian in [0,7'] x {—1,1} and its generator is identified.

Step 2: The &-hitting time cut (contour, slope of contour)-process (C9, V1) is
shown to be Markovian in [0,719] x {—1,1} and its generator is identified.

Step 3: The rescaled, d-hitting time cut (contour, sign of slope of contour)-process
(C™9 V™9 is shown to be Markovian in [0,#™°] x {—1,1} and its generator
is identified.

Step 4: Using Stochastic averaging ([[<1r02]) the sequence (C™?),en is tight and
limit points solve the (A%, D(A%))- martingale problem.

Step 5: Uniqueness of the (A%, D(A%))- martingale problem is established.
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Step 6: Traversal-time L(C™9, %) and inverse of local time of ¢% are compared.

Step 7: Here the pieces are put together to observe the claim.

The proof is not put into a “proof environment”, but held within these steps. Some
lemmas and propositions will arise, but all will be belonging to the corresponding
parts of the proof.

For the understanding of the catalytic setting and the quenched analysis we refer
the reader to the notation at the beginning of this chapter, see page 68.

8.4.2 The proof

STEP 1: Identification of the (C,,V,)-generator

The contour process (Cy),>0 is obtained by traversing the reactant forest &for with
constant speed k and denoting the height, i.e. the distance of the root and the
traversed point against the yet passed traversing time (for a definition see Section
5.1). This yet passed traversing time will be denoted with small Latin letters u or
v in contrast to the time of the branching process, which we so far denoted with s
or t.

We define the slope (sign) (V4,)u>0 of the contour process:

Vy = sign ( slope(Cy)) € {—1,1}. (8.46)

So far the “sign” could have been substituted by %, since slopes are +k and —k,
but later it will be helpful to already introduce it like that. There are some points,
where the slope is not well defined, exactly, when the contour changes its sign from
1 to —1 or the other way round. Then V is chosen to be right continuous at these
points, so that it has cadlag paths. The pairing (Cy, V4,)u>0 is then a process in the
state space

Eclont X Eglope = [val] X {_17 1} (8.47)

and the following lemma holds, which is just the extended version of Lemma 5.2.4:

Lemma 8.4.2: The process (Cy, Vi )u>0 is a E!l ¢ X Egope-valued Markov-process

con
stopped at a random time. Its gemerator is given by the closure of the operator

(AL, D(AY)), where:

]D)(Al) - {h S CLO(Econt X EslopeaR) : %IBECOIW XESlope = O} (848)
and for f € D(AY):
Alf(c,v) = kv%f(c,v) + gkxl(c)(f(c, —v) — f(e,v)). (8.49)

The random time is reached when the reactant tree has been traversed, i.e. until
L(C, %) given by:

. N Y o 2k
L(C,$) =inf{u>0:lim — ; H{CUE[O’E)}Ml—(v) dv =%} (8.50)

e—0 €

After that time the reactant contour stays zero.
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Figure 8.1: Branching tree, birth-and-death tree, contour process
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ProoOF: The proof of this lemma consists itself of several parts. First it is shown
that the lengths of line-segments of the contour are independent. After this the
Markov property and the pre-generator are obtained.

A: Indepence of the line-segments. At a first glance the independence of contour
line segments seems surprising, when looking at the branching tree on the left and
the contour on the right in Figure 8.1. A contour line segment is the sum of the
lifetimes of various reactant individuals. The trick is to look at and to understand
the tree related to the contour (via the mappings C and 7') and its planar embedding
in several different ways:

e We were dealing so far with a branching process whose individuals have a
branching rate of x!(t) = bnf°® at time ¢ with 0 or 2 offspring (left of Figure
8.1).

e The other way is to look at the process as a birth- death -process whose
individuals die at rate cxt(t) = b ni°t and during all their lifetime have birth
event (with offspring 1 )w1th rate 53:1( ) = Zni°t, everything independent of

other individuals (middle of Figure 8.1).

In the Appendix B.3 we show that the contour process related to these two processes
are indeed the same.

But the planar embeddings can be made different: The right (birth and death)
process will be called the one where children are attached to the right of the tree.
Now we will show that when traversing the genealogical tree, the length of the newly
attached line-segments are independent of the history. First we will not worry about
the case a contour touches the critical upper and lower levels 79 and 0:

Each (birth and death) individual I lives until the first jump of a Poisson pro-
cess M I ft s)ds) and gives birth at the jumps of an independent process

ft ds (the subscript b means birth and has nothing to do with the
branchlng rate b) Here t denotes the birth time of individual 1.
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We will start with the first individual starting at the root. Let us then call:

t
0 :=inf{t >0: Mé(%/ 2'(s) ds) = 1}the death time,
0

oo =0,

t 8.51
op =inf{t > o,_1: Mbl(%/ 2'(s) ds) = 1} the n-th birth event and (8:51)

On—1

0
A= Mbl(g / z1(s) ds) the number of children.
0

The contour process starts with a slope +1 line segment of length 6. Then the
length of the next line segment is independent since it is given by the first jump of
an independent (reverse) Poisson process M{ (2 f:_ , ' (s)ds) in s. This distribution
is independent of 8, since it does not matter for its jump time distribution, where
we start a Poisson process (here in 6) and the direction it runs (here time-inverse).
So in the contour the length of the first —1 line segment is independent of the past.

After this birth event of the last child, let us call it A, has assembled two Poisson
processes, one for birth events and one for the death event. Both are independent
among themselves and of anything previous, since it is a new individual. The slope
+1 line segment is indepedent of anything before just by construction.

Now comes the key observation: The birth times of this individual A are given by
the jump times of the Mé\—process. We again let it run backward from the killing
time, which does not affect the distribution. If the first jump time lies above the
level of the birth of individual A then we can proceed in our argumentation as before
and get independence of the —1 line segment. But if the first jump lies below the
level of the birth of individual A then it has no children. That is clear. But for
the contour process it means that it goes down until the next child of the initial
individual, down to A — 1.

Then if individual A was killed at time @, then the length of the —1 line segment
is given by the first jump of the following process in s:

oA oAV (Or—s)
Mé\(% / zt(s) ds) + Mbl(g / zt(s) ds). (8.52)
Op—sVop oA —s

But the segment of the Poisson process Mbl we plugged in, was unused before, so
it is independent of all previously constructed elements. That is why this —1 line
segment is independent of the past. One can continue like this until the end of the
tree.

Now we need to be a bit more careful about what happens if jumps of the inverse
birth process happen below level (= time) zero. We stop the previously constructed
bunch of line segments when its building together ends up below zero. Then the
contour process is just decreasing to zero with slope —1 and stops there. Then the
tree is traversed.

Conversely if an individual reaches the upper level ¢!, then the death time of the
individual is just £'. The next attached line-segment is an independent decreasing
line-segment. Its time-inverse Poisson process starts from that level ¢! on and is
independent of all previous line-segments.
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So we have shown that the length of new line segments are independent of the
ones before. Then it is clearthat (Cy, Vi, )u>0 is Markovian, since the whole history
of (Cy, Viu)o<u<v up to time v has the same information for further development as
just knowing the value (C,,V,). This is true, since the evolution of C' in a short
time interval after time v is just depending if we are actually running up or down in
the contour, i.e. in the previous setting if we are on a birth (Mp) or on a death (My)
Poisson process. Additionally by the value of C, we know where to start the pro-
cess, which gives the starting time in the time change integral of the Poisson process.

B: Markov property and pregenerator. Now in a second argument we want to
identify the generator of this Markov process (C,V). How do the components
evolve? C, in fact simply grows linearly with slope kV,,. So its part of the generator
is simple. The slope V,, is a jump-process with values 1 and —1. The jump rate is
the individual death rate at this point at this point of the tree (where the contour
currently traverses it). But this is %xl(C’u) and multiplying it with the speed of
traversion k we get %k:xl(Cu), since Cy, is the distance root to the currently traversed

point. So the generator A® for f € CLO(EL , X Eqope) is given by:

Alf(c,v) = kv%f(c,v) + L2t (¢)(f(c, —v) — fle,v)). (8.53)

The domain of A! will need some restrictions, since when the contour reaches
0 or the possible maximal tree top ¢!, then it should be reflected not to leave the
domain FEcont. The right way to do this is to restrict the domain of Al to:

oh
DAY ={he O o (0,00): pologt b =0 (B54)

con’ cons

Since D(A!) is dense in Cn

contXESlOPe
(first summand) and a perturbation (second summand), also A! is closable (see e.g.

Theorem 1.7.1. in [FK86] ).

[0,00) and A! is the sum of a closable operator

Clearly the time L(C, %) gives the time, when the tree is traversed once. O

Remark 8.4.3:
Sometimes we will suppress the superscript 1, or later n for the contour state space
FEecont for the sake of readibility.

Secondly we will not worry about the time L(C’,j in the forthcoming until Step 6
and will treat the contour process as a process traversing not only one tree (forest in

the next steps) and staying zero, but traversing an infinite set of random trees (or
forests). <&

STEP 2: Identification of the (C19,V'19) generator
The same what was shown for the reactant tree or contour cut at height ! is also
true for tree and reactant cut at height ¢1:9. This process is called C and to it a
slope process V19 is attached, the same way as in step 1:

CM = C(Qrs (&) 1 k),

8.55
V.10 .= sign ( slope(CH0)) € {~1,1}. (8.55)



8.4 Convergence of the truncated reactant contour 82

The only difference is the state space of the contour changes from

Eeont = [0,'] to EXS, = [0,1] (8.56)

cont —
and we have:

Lemma 8.4.4: The process (C&’J,Vul’é)uzo s a Eé(’)flt X Egiope-valued Markov-

process stopped at a random time. Its generator is given by the closure of the operator
(AL D(AL)), where:

oh
]D)(Al’é) — {h c CI’O(Econt X Eslome) : %laEcléf\tXEslope = 0} (857)
and for f € D(A):
1,0 0 b 1
A> f(C,U) = kU%f(C,’U) + §]§?.%' (C)(f(c7 —1)) - f(C,’U)). (858)

The random time is reached when the reactant tree has been traversed, i.e. until
L(C, %) given by:

1/ 2
L(C,3) =inf{u>0: lim - i

— 4
i | Uty @ =4 (859

After that time the reactant contour stays zero.

This result does require a proof, but the proof would just be the same. Or one
can state that the cutting time ¢! was chosen arbitrarily in Lemma 8.4.2 and did
not play any role yet. So it can also be replaced by £+,

STEP 3: Identification of the generator of the (C™0,V™9)
In this step a rescaled version of the lemma proven in Step 2 will be given. For that
purpose we recall the definition of the §-hitting times ™ of 2" and the rescaled
cut contour process (Cg’é)uzo in (8.42). The slope of this process is kn and as

before a sign of slope process (Vun’5)u20 is attached the same way as it was with the
non-rescaled process:

V9 = sign(slope(C™?)) € {—1,1} (8.60)
The state space of the contour Egopyt is given by

EM =0, (8.61)

cont

and the slope state space Egope stays the same:
Eslope = {_L 1} (862)

Then the following lemma, holds:

Lemma 8.4.5: The process (Cﬁ’é,Vu"’é)uZO is a E™° x Eqope-valued a Markov-

cont
process stopped at a random time. Its generator is given by the closure of the operator

(A™0 D(A™?)), where

Oh

L e loEnt xBage = O (8.63)

D(A™) = {h € CYY(ELS, X Bgope, R)
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and for f € D(A™0):

A0 f(e,v) = km)gf(c,v) + %anx"(c)(f(c, —v) — f(e,v)). (8.64)
c

The random time is reached when the reactant forest has been traversed, i.e. until

L(C™, %) given by:

1 [u 2k
no o4y _ . - 1im =
L(C", 3) =inf{u>0: lgr(l) g ]1{03’56[075)} bal (v)

dv =%} (8.65)

After that time the reactant contour stays zero.

For the sake of not repeating the same proof as of Lemma 8.4.2 another time,
argumentation is kept sparse here. Just two things are mentioned:

First we explain where the factors n and n? come from. The factor n dates from
the changed traversal speed through the reactant tree as given in definition 5.2.3.
The factor n? splits up in one factor “n”, which multiplied with z"(c), so nz"(c),
represents the number of catalyst individuals speeding up branching. The other
factor n belongs to the increased traversal speed through the tree. Additionally we
see that after traversing a tree of the forest the next tree is independent of everything
previous.

Secondly the contour is finished when the contour has already traversed the n trees
in the reactant forest. But since the slope of the line segment is kn the random
time was chosen correctly.

The pairing (Cy; o Vun’é)uzo can in some sense also be seen as a random evolution
with driving process V™9 and driven process C™. More about that can be found
in Chapter 9 of [EI806].

STEP 4: Tightness of the contour and description of limit contours
Now clearly the next task is to show convergence and to obtain a limit of the process
(C™% V™9) for n — oo. This is not straightforward, since standard results as for
example about generator convergence cannot be used, e.g. Proposition 7.7.2 here or
Lemma 4.5.1 in [F1<86]. But what will happen for large n is that the slope “averages”
out and will be positive or negative with equal probability. These techniques were
introduced in [[Kur02] and are called stochastic averaging. This step is subdivided
in two parts, where the first one corresponds to Theorem 2.1 and the second one to
Example 2.3, both in Kurtz’s paper.

A: the limit contour solves a martingale problem Let us define the following
occupation times measure on B(R;) x P({—1,1}) for the slope process, where

Yy e Eslope - {_17 1} by:

°([0,u] X y) = / ’ Ly (Vi) dv. (8.66)
0

Additionally l,,(Eqope) is defined to be the set of measures on B(Ry) x P({—1,1}),
s.t. for every p € Iy (Egiope) and every u > 0:

:U’([O,u] X Eslope) = u. (867)

Then the following lemma holds:
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Lemma 8.4.6: The sequence ((C, [79).,>0)nen is relatively compact in the space
DEoon [0, 00) X L (Bstope ), and for any limit point (¢°,T°) there ezists a filtration {G;}
such that "

=[] A s x ) (5.63)

slope

is a {G,}-martingale for each f € D(A%) where A® is as in Theorem 8.4.1.

PROOF: The result is just taken from Theorem 2.1 in [Kur92], where one has to
check some prerequisites before applying this theorem. We will put them in the
order as given in the quoted theorem to avoid confusion:

Clearly Eg(;gt = |0, f”"s] and FEqope are complete separable metric spaces. The sam-
ple paths of the process (C™?, V™9) are cadlag by definition. Additionally (C™°),cx
satisfies the compact containment condition since {*° — 9 < oo and therefore the
union J,,cy[0,£™°] is contained in a compactum. The sequence (V") ey is rela-
tively compact, since its state space Egope is already compact. After these prelimi-
nary thoughts the harder things to prove are the following four assertions:

(i) For each f € D(A%) there is a process (65’"’6)u20 for which the following
expression is a {F} }-martingale:

) - /0 A8 F(Om8 VS ds + e ™ (8.60)

where {F7} is the filtration generated by (C™9 V™9).
(ii) The domain of A%, D(A?), is dense in Cy(ES ;,R).
(iii) For each f € D(A?) and each T > 0, there exists p > 1 such that

T
sup B [ / 49 f(C}}"s,Vu""S)\pdu} < 00, (8.70)
n 0
(iv) The correction process /™9 vanishes in the following sense:

lim E

sup |e£’"’5|] = 0. (8.71)

The third expression is clear, since the state spaces are contained in a compactum
(t™9 — #°1) and A°f is continuous. For the first, second and fourth expression more
effort is necessary. The first and the fourth expression are somehow related so we
begin with them:

We want to construct /™9 and therefore note that all f € D(A°) can be written

with a continuously differentiable function h € C[})m)[o, £°] with h(0) = h(#%) = 0:

fle) = f(0)+ /ch(s)h(s) ds, (8.72)

for all 0 < ¢ < #9. The idea now is to define a function which is “close” to f, but
lies in the domain of A™9 instead of A%. Therefore set for f € D(A%)

_ fnsd

f"(e) = f(0) + /ch"(s)h( % s)ds. (8.73)
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Now the boundary conditions on f" already coincide with the ones for functions
in D(A™%) and it remains to augment f with a second coordinate. Hence define
another function . v .

£(e.) = F() + s (), (5.74)

which is in the domain of the operator A™® and by applying this operator to that
function one obtains:

- nu2 v\
A" (e, ) =k (Y (€) + P ((f )> (o)

z"(c)
bk 5 ., 2v P
~ /
")
- (k n (C)
za™(c)
Then the correction process e/™9 is defined as:
= [f - Ay v dst (8.76)
0

Clearly by Lemma 8.4.5 the expression in (8.69) is a martingale and assertion (i) is
shown.

Now we prove the fourth statement and call in the definition of e/™9 the first
summand with the integral part (I) and the other three summands part (II). We
will show that both of them vanish in the sense of (8.71):

sup\efv“r <T|Af — A™ ™| po.0+

(8.77)
+1F™(c) = fle) + bmc"( )(f") ()l (e,0)ef0,5]x {-1,1}-

For part (I) we get by using the triangle-inequality:

.o /
(1) =14°F = A7l < TING) - (15 ) (@] <
m,o tn ,0

t /
(0 (€)= 1(

<T|I(c) -

ol

And this expression vanishes for n — oo by Corollary 2.3.2 and the uniform conti-
nuity of A’ as it vanishes outside a compactum by Lemma 2.2.4. Then it remains
to treat part (IT). It is

% fn,(s

(10 < [ h(Gms) = (s ds+ -]

An,é

s/o 27(5) = ()] |1 ) s +

Al ™,
+ [ 1) ) = b s + ]
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Since 9 — #°, (8.1.1) and the continuity of A all terms vanish for n — co.

For condition (ii) it is sufficient to approximate all piecewise linearly continuous
functions on [0, #%], since they are already dense in Cy(E2,;,R). But any piecewise
linear function can be approximated arbitrarily close, since x is bounded below by
0.

O

B: the limit occupation measure of V is identified. After this proof the question is
whether the rather complicated expression in the previous lemma with the measure
I" can be simplified. The following lemma gives the answer:

Lemma 8.4.7: The process C° of the previous lemma is a solution of the (A%, D(A%))-
martingale problem.

PrROOF: Note that Lemma 1.4 from | ] shows us that the measure I' (ds x dy)
can be decomposed into the measure 79(dy) A(ds), where X is the Lebesgue measure.
Then what we need to do is to determine ~9(dy).

The idea of the proof is taken from Example 2.3 in the same work. Therefore define
an operator B : C({—1,1},R) — C([0,#°] x {—1,1},R), where

bk
h(w) = B (e,v) = % a(e) (h(~v) — h(v)). (8.789)
As before it is necessary to define a correction term a? 9 i this way:
bk t
a?’"’é = Enz/o <x(C’§’6) — w"(C’?"s)) h(V;""S) ds. (8.79)

Then by Lemma 8.4.5, for each h € C({—1,1},R) the following process is a mar-
tingale
t
h(V;™0) — / n?Bh(C, V%) ds + ol 5(t), (8.80)
0
and for each T' > 0:

lim E supn2|a?’n’6|] =
n—oo t<T
— 1 2 n5 " n,0 n,0
= lim E —supn Zn ]/ cr (CPOR(V)ds|| <
n—00 t<T (8.81)

< lim Hh||ooT%E [sup|x(Cg’6) —x"(Cg’é)@ <
n—0o0 2 $>0
. bk n
< tim 1T 2 o6) = " (@l o ovineg = O

The second modulus expression tends to zero by (8.1.1).
Note that for any n € N the following expression is still a martingale:

t
n=2h(V;™0) — / Bh(CP, V™) ds +n~%all 5(t). (8.82)
0
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Then by taking weak limits n — oo (and changing the sign) we get with the help
of the previous Lemma 8.4.6 the following expression:

//{11} y) T (ds x dy) =

= (h(1) ~ h(-1)% /0 (1~ 28 (1)(C) s

Since we are in a compact metric state space and we have cadlag paths, this weak
limit is still a martingale, now w.r.t. the filtration of ¢°. Additionally this process
is continuous, since it is an integral expression. Furthermore, the total variation of
this continuous martingale is finite, because it is an integral expression. Therefore
it must already be constant and because of the initial value, this constant must be
zero. Hence, for all ¢ > 0 it is valid that:

(8.83)

(1)~ h-v) [ (1= 248 (1))a(C)ds = 0. (3.84)

Now remember that the values of x were always required to be > §, because the
catalyst was to be stopped before reaching §. So the only way to get the left hand
side expression equal to zero for any function h is to have:

1
~3(1) = 5 Vs> 0. (8.85)

Then the previous Lemma 8.4.6 can be reformulated by using the decomposition of
I and this result. Then the lemma is proven. O

STEP 5: Uniqueness of the Martingale problem
In the previous step existence for the (A%, D(A%)) problem was shown. In this step
the uniqueness is shown. To do this firstly another martingale problem (transfor-
mation of drift) is constructed and then uniqueness of the latter is proved.
A: transformation of drift Define the scale function s, given by

0.8 = [0, «(u)du]

s:¢-7 . , (8.86)
t = o5 Jo 2(u)du

and the process B, = s(¢’) are defined. Then for a sufficiently regular f, when c

denotes the replacement character:

wironch =1 (LY @)

(g
_ (M)I( 5) (8.87)
_ 1( "

2x(c

— (¢
b " —
= (B (Ba).

Thus (By)u>0 is a martingale under the law of ¢?. Even the following lemma holds:
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Lemma 8.4.8: If (° solves the (A%, D(A%)) martingale problem, then the process
(By = 5(0))us0 solves the (B,D(B)) problem, where

Bf = eals™ ()"0,

defined for f € D(B), where
D(B) = {H € C*([0,5(L°)],R) : H'|( sy, = O}
ProOF: Let H € D(B), then

e Hos:[0,£°] — [0,00] and this mapping is C' since it is composed of two

C'-mappings.
o (Hos) |y =0.
e H'os e C! since both mappings are C'' mappings.

So the composition H os is in the domain of the operator A% and we can do a similar
calculation as done before the lemma, to obtain:

b
A%(H o s)(u) = gl (s(w)z(u). (8.88)

Since ¢® solves the A% martingale problem, we have that the following process is a
martingale:

<Hos(<f) — /Ot AJHos(g;j)du> —

>0

— (H(Bt) — /Ot %m(s‘l(Bu))H”(Bu)du> .

>0
So (Bt)t>0 solves the (B,D(B)) problem. O

B: uniqueness of the martingale problem The last lemma is not yet the desired
result for this step, but it directly leads to:

Lemma 8.4.9: The (A%, D(A%)) martingale problem has a unique solution (°.

ProOF: The existence was already given in Step 4. Assume the contrary about the
uniqueness, i.e. assume there are two solutions (%! and ¢%2. Then by the previous
lemma s(¢%') and s(¢%2) are two solutions of the (B,D(B))-martingale problem.
But by Corollary IX 1.14 in | | the (B,ID(B))-martingale problem is well-posed,
so uniqueness holds. Therefore it is valid that:

/ x(u) du = / z(u) du. (8.90)
[0,¢%1] [0,¢%2]

So the one-dimensional distributions of ¢%! and ¢%? are the same, since = is a
positive function. Then by Theorem 4.4.2 in [ ] the two processes (%! and (%2
have the same distribution in Cy, /[0, 00). Furthermore this theorem also states

that the unique ¢? is a Markov process. ]
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STEP 6: Analysis of the contour traversal time L(C™°,2)
So now we need to go back to considering contour processes as processes traversing
trees. Since for the rescaled contours C™ the slope increased to n it is still truethat
the traversal time of the reactant tree is given by:

u

1
L(C™?, H=influ>0:lim- [ 1

npont g, 4
e—0 € Jo (e, () dv =2}, (8.91)

b

For the limit contour ¢% we wonder if a limit of this functional L(-, ) exists and what
it is. In fact if it turned out to be zero, then it would be the case that the reactant
limit contour is defined on the degenerate interval [0,0] and it would contain no
useful information.

But we see that the functional L(-,-) on continuous functions C([0,c0), [0, 00))
is measurable with respect to an infinity-norm with decreasing weights (d(f,g) =
>t 27 (supsepon) [F(8) —g(t)| A1) ). Then we can use a version of Theorem 13.29
in [T) ((i\‘]

Hence we see that L(C™°, ) converges weakly to L(¢°, 1) and the latter is nothing
else than the inverse of (%’s local time at level 0 of local time 5 (for more about
local times of the reactant contour see 9.2.3):

c [L(C”"s,g)] e [(z?(&)) 1(5)} : (8.92)
Hence the “duration” of the contour converges weakly.

STEP 7: Putting the steps of the proof together

In Step 3 the generators of the discrete contour processes C™% were identified. In
Step 4 we got tightness of the discrete contour processes and saw that the limit points
were described by a pregenerator A°. The corresponding (A%, D(A°)) martingale
problem is well posed, i.e. a unique solution (% exists (Step 5). In the next step
we showed convergence of the tree traversal time to a local time inverse (Step 6).
So the tight sequence (C™9%),, must already converge to the diffusion ¢?, which is
considered until its local time hits at zero hits a certain level. Hence we are done
with the proof of Theorem 8.4.1.

With having completed all the steps we have shown convergence of the reactant
contour. ([

8.5 Convergence of the reactant limit forest

With all the preceding steps done it is not difficult any more to show Theorem 4.2.2,
which is the main result about trees:

Proposition 8.5.1: For any § > 0 there exists a subsequence of the sequence
of cut reactant trees (Qpm,s(£°0mm);ntobmm), N that converges in distribution to
(onr,é; X) = Zlnord(<5)'

ProOOF: By Proposition 8.3.1 it is clear that one can take a subsequence of forests
(¢lormm. ptotmm) ¢ which converges in distribution to a random forest (Yr; X).
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The truncation mappings Q.(+) : RT x Tr°" — Tt do not violate this convergence,
since they are jointly continuous and the killing times ¢™° converge:

L[Qpna (€77 )] =75 L]Qgs (Y )s . (8.93)

This convergence is to be understood as weak convergence in the probability mea-
sures on rooted compact R-trees.

But in Theorem 8.4.1 it was shown that there is also weak convergence in Dg([0, #°])
for the reactant contour:

LIC(Qpnm.s (€M) : knl)] 2= L) (8.94)

The mapping Tunerq from Definition 5.1.3 is continuous and bounded and therefore
it holds that

L[ Tunord (C(Qgum 5 (€% = kn2))] 7% L] T0ra(¢0)- (8.95)

But it is true by definition of the reactant forest that

Zanrd(C(QtA”myé (gnm) : kngn)) = é—for,nm. (896)

Hence the result is shown. O

PRrROOF: (Proof of Theorem 4.2.2: The reactant limit tree)
The question roughly speaking is whether there exists a limit object of Tyuora(¢9)
for 6 — 0. From Proposition 8.3.1 we know that the sequence (£""),cy is tight.
But from the previous proposition we know that any limit forest Y needs to fulfil
L[Qs5 (Y] = L[Tunora(¢®)], so this law is independent of the limit forest chosen.

Clearly we need to show that there is a unique limit forest Y*. To do so we show
that the sequence (£[Tunord(¢%])s>0 is a Cauchy sequence as § — 0 for the Prohorov
metric on the probability measures M (T*°"). Thus since M (T™°) is complete
, there is a limit forest distribution £[Z]. Moreover for any limit forest Y, the
sequence (L£[Qz(Y™)])s>0 is Cauchy with the same limit distribution P = L[Z].
So the distribution of Y is uniquely determined and given by the distribution of
lims_.¢ Zmord(gé)-

To verify that (L£[Zgnora(¢°)])s>0 is Cauchy , fix 0 < ¢’ < § and recall a charac-
terization of the Prohorov metric (Theorem 3.1.2 in [F1{86]). Then:

dPr (L(Ilnord (C(S) ) [’(Zlnord (Cé/ ) )) =

= inf inf{e > 0 du(((T,p), (1", )) : daggane (T, ), (T, ) > ) < o, 7

where the infimum for y is taken over all probability measures y € My (T x T ),
with marginal distributions

p(- x T = L(Tynora(¢%)) (8.98)

and

:U’(TmOt S ) = ['(Zmord(gé))- (899)
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As our goal is to give an upper bound for this distance, it will be sufficient
to describe a specific probability measure p fulfilling the properties and showing
that the right hand side expression for this specific u vanishes as 6,8 — 0. We
choose p to be the probability measure on T x T s.t. positive measure is
associated to those tree pairs ((T,p), (T",p’)), which have the same root and the
same truncated excursion C(Q;s(-)). Additionally the marginals need to obey the
postulated properties. By this a measure g on T x Tt is well-defined.

Note that in the Gromov-Hausdorff-distance between a pair of trees from the
support of u is clearly less than # — {9, Thus

dpe (L(T(C), L(T(CM))) <8~ 0. (8.100)

Furhermore, since ¢ — ¢ as § — 0, the sequence is Cauchy. ]

8.6 Convergence of the joint law for the reactant forest

Within this section we provide a proof of Theorem 4.2.3. This is the first non-
quenched result in this chapter. Be aware that we leave the world of fixed catalyst
sequences x and x" here.

8.6.1 The main result and the strategy of the proof

We restate Theorem 4.2.2 which gives the annealed tree convergence:

Theorem 8.6.1:
The sequence of the pair of rescaled catalyst total mass and rescaled reactant forest
converges:

£(ntot,n7§f0r,n) = ﬁ(X, onr). (8.101)

Here convergence is understood as weak convergence on the set of probability mea-
sures on Dy [0,00) x T™° with the product topology.

We are going to split up the proof in four steps, since it is rather long. A part
of one step is left in the appendix, since it is a general result and its proof can be
done easier when using some ideas developed in the chapter about point processes.

For the proof we assume that the limit law is the product measure of the limit
catalyst total mass times the limit quenched probability kernels. We will start with
considering the first coordinate, the catalyst total mass process, and restrict its
paths and the time, where it is positive to a compactum. In a second step we take
a Lipschitz-function

H : Dz [0,00) x T™°* - R (8.102)

and need to show the ordinairy weak convergence argument. Since we cannot do
that directly we apply the quenched reactant tree convergence and the catalyst total
mass convergence to reduce the problem to a question of continuity of a mapping
depending on the catalyst. In the third step we relate trees and contours via Zynord-
Therefore, the question translates to continuous dependence of the contour on its
catalyst, which is nothing else than the derivative of the scale function. In the
last step we show that diffusions depend continuously on their scale function under
certain restrictions and this will end the proof.
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Step 1: Restrictions of catalyst total mass nt°%", X to compacta.

Step 2: Rewriting the claim to a question of continuity.

Step 3: Translation of the continuity question to a contour question of continuity.
Step 4: Continuity of the contour diffusion on its scale function.

All €, € mentioned later are positive and fixed. When writing €,, then we want
to indicate that n needs to be chosen appropriately to get €. So n depends on € in
that case.

8.6.2 The proof

STEP 1:
We want to speak about the law of the catalyst total mass processes. Therefore we
define for a set of functions A in Dg_ [0, 00)

[A[ := sup || ] (8.103)
feA
and
T(A) :=sup{t > 0: f(t) = 0}. (8.104)
feA

Then we can bound the measure P(n'°%" € .) in the following way:
P e A) < P € A Al < M,T(A) < M)
+ P € A ||A|| > M, T(A) < M) (8.105)
+ Pt € A, T(A) > M).

Observe that by Lemmas 7.3.3 and 7.3.1 the last two summands can be bounded
from above by any positive constant for an appropriate choice of M.

The same can be done for the measure P(X € -) on Cg, [0,00) by Lemmas 7.6.3
and 7.4.4.

Hence let us define

Vp(dx) == P[n*" € da, ||z|| < M, T(x) < M] (8.106)
and
v(dr) :=P[X € dx,|z|| < M,T(x) < M]. (8.107)
Then we can write for given € > 0 and an appropriate M = M (¢) the following

P(ntot,n c d.%')
P(X € dx)

n(dl‘) + €M,

<
=Y (8.108)
<vwv(dz) + ep.

STEP 2:
For a continuous Lipschitz continuous function

H : Dgs [0,00) x T — R (8.109)
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we need to show the following:
/dP[nt"t’” =2, = y|H (x,y) == dP[X = 2,Y"" = y|H(x,y). (8.110)

We rewrite this using the quenched probability kernels K™(-,-) and K(-,-) defined
n (8.2) and (8.3):

[ e =) [ K - [ @ = 50 aie)

(8.111)

This can be bounded by a decomposition as follows:

< ‘/dP(X = x)/K(w,dy)H(w,y) - /dP(ntOt’" :w)/K(x,dy)H(w,y)‘

#| [ e = o) [ K@ anaea) - [a@e = [ 50 s)
The second summand tends to zero by the quenched result about tree convergence
in Theorem 4.2.2 (for a fixed catalyst sequence). When choosing n sufficiently high

it can be achieved to bound it by a positive €,.
With the help of part (A) the first summand can be bounded from above by

2 H| ers + ' [ vt [ K@) - [l [ K(as,de(:c,y)\ (8.112)
and we rewrite that to

2|l ens + ' [rtann@ - [,

(8.113)

where

/K x,dy)H (z,y). (8.114)

Thus, by the total mass convergence ( v, = v in Theorem 2.3.1) we are done if
we can show that H is bounded and continuous (in Skorokhod topology). The first
is clear, since H is bounded and we are dealing with probability kernels. To show
continuity in x is more subtle and we use two parts to do that. First we relate the
problem to contour processes.

STEP 3:
For two cadlag catalyst paths x and Z observe that:

(0) - H@)| <| [ K(e.dy)Hog) — [ Ko dy)H Q)
T / K (e, dy) H(x, Q) — / K(&dy)H(E Quy)l  (8.115)
T / K (&, dy) H(#, Qrsy) — / K (, dy) H(#, )|
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Since H is Lipschitz-continuous, note that the first and the third line can be bounded
from above by any possible constant € if we choose § sufficiently small. Now we
remember (Proposition 8.5.1) that we were able to express the cut trees with limit
the contour process via the Lipschitz-continuous mapping Zynord:

Qs (V) £ Topora(C). (8.116)

Hence
B (@) — H(@)| < 26| H|| + [E[H(2, Tanora(¢*)| X = 2] — BIH (&, Tanora(¢*))|X = .

The continuity in the first coordinate is evident and giving up the first coordinate
we can define G := H o Typorq- Clearly this mapping is Lipschitz-continuous since
both factors are. We will show continuity not only for mappings G of that special
form but for any kind of Lipschitz mappings G. Therefore we can also deal with
the following mapping

G: (C[O,M} [0’ OO), H : ||sup) —R (8117)
and we need to take care of

o {D[O,M][O,M] — R

i L E[G(C)X = o] (8.118)

We note that we are done when showing continuity of that mapping by (8.117).

STEP 4:
Let us call (%% and (%% the contours corresponding to catalysts z and Z. By Theorem
5.3.1 the limit contour was the solution of a martingale problem. Hence we can
define scale-function and a random time-change to relate the contour to a Brownian
motion (3 (this becomes clearer in Section 9.2, especially Lemma 9.2.2). Hence,
define

b

sz(t) = 5/0 x(r)drsz(t) = g/o Z(r)dr (8.119)

Now we use a result proven in the appendix (Chapter B.2) about the difference of
two diffusions stemming from two different scale functions. The time until we need
to consider the two diffusions is almost surely finite and hence we can use the result
presented in the appendix. Therefore, we can choose the two functions x and Z so
close that the following expression can be bounded by:

G(@) = G(@)] <E [|G(*) - G(¢™)|
<|GIIE [Hg&x - g&iu} (8.120)
<||G|| 6 3.

This ends the proof since we were able to establish continuity of the mapping G in
Skorokhod topology by (8.118).

After this result the proof is done. OO
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Remark 8.6.2:
Naively one could guess that v, = v and K" = K implies

vy Xx K" = v x K. (8.121)

But we have seen in the proof that this is a question of continuous dependence of
some elements.



9 Proofs of the main results from
Chapter 6

In this chapter we give the proofs concerning the genealogical point processes.

The proofs for the first rectant point process results and its limit are put in a first
section. They are mostly done by classical Poisson approximation ideas. A second
section inhabits a proposition treating the relationship between limit point process
and limit contour. The proof of this proposition needs quite some effort and uses
excursion theory. The third section of this chapter contains a proof of a comparison
result between classical and catalytic forests. And in the last section we give a
proof of results about joint-convergence of the trees and limit-contour extension
above level 70. These last proofs are put here at the end of this chapter, since either
they need notation from here or they require the genealogical point-process as a full
description of the process.

Before starting we give a remark.

Remark 9.0.3:
Within this chapter there might arise confusion about the word “time” or “time in-
dex”. We will talk about

e time level or simply level if we mean the height in the tree (e.g. t in nf°*) and

o the term “time”, if we mean the time index in the diffusion process to the
genealogical tree (e.g. u in C0). &

9.1 Law and convergence of the reactant point process

First we provide the proof of a lemma about the reactant point process.

Lemma 9.1.1: For a fired catalyst (nt°%)s>¢ realization and fized t < T the
reactant point process Z' has total mass

ZY(N x [0,t]) = &t — 1. (9.1)

The point process Z' is given by the random points {(i,0;) : 1 < i < &°V — 1}, where
the o; are independent and identically distributed [0,t]-valued random-variables.
They have distribution given by

B+ Jonktds [, nitds

PUth = )
L2 = e ds T Teds

(9.2)

for every 0 < h < t.

PROOF: In the case of £° < 1 nothing needs to be shown, since there are no
MRCAs. So let us assumethat £°° — 1 > 2. Then the o; are the depths of a
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Figure 9.1: The downward excursion relates to an upward-down birth-and-death
process.

downward excursion from level ¢ of the contour process (C,V), as given in Lemma
5.2.4 cut at height 719 This process was strong Markovian, so these downward-
excursions are independent and identically distributed.

Let us define the times, when the contour C' crosses the level t:

Dy :=0;U; :=1inf{s > D; : Cs =t} for i > 0;

9.3
D;:=inf{s>U;—; : Cs =t} fori>1 (9:3)

are the upcrossing and downcrossing times of the contour. These times are the
“contour times” of each individual alive at time t¢.

Now we have to think of the depth o; of this downward excursion between D; and
U;. But we can look at this downward excursion as the contour of a downward tree
as in Figure 9.1. The downward tree behaves like a birth-and-death process with
rates 7' for birth and death each (the rates were identified in the first part of the
proof of Lemma 8.4.2). But the depth of a downward excursion is nothing else than
the extinction time of this birth-and-death process.

An exercise in Feller’s book (][ , Problem XVII.10.11]) shows that a birth-
and-death process (Ng)s>0, No = 1 with rates (As)s>0 for each is extinct at time s
with the following probability:

S\ d
P(N, = 0) = Jy Ar dr

= 9.4
T A dr 64

In our situation it is A\g = %nmt and we obtain:

t—s

P(oy > h) = P(N,_,, = O|N, = 0) =
_P(Nin=0)
P(N; =0) (9.5)
1+ 5 foutds B [yl ds
§fontds 1434 fymictds’

which had to be proved. ]

Now we want to prove a result for the rescaled reactant point process. The
situation is more complex, since two extant individuals can be members of different
trees. Hence their MRCA lies at time level 0. This is reflected in Proposition 6.2.7
which we state here again and give a proof of it:
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Proposition 9.1.2: We can specify the distribution of the reactant point process
i gt time t,. For k, € {1,2,... ,nﬁgjt’n -1}

(i) the number of points at level 0 is given by
. mtayngl 2 kn i 1
K i=E""({5, 2,..., 2} x {0}) = Bin (k,P(0,, > t,)) and (9.6)
(1) the number of points between 0 and t, — h, is given by

Sl 20y s (0,8, — b)) L Bin (kn — ko, P(0n > holon < ).
(9.7)

Here Bin(n, p) is the law of a binomially distributed random variable with parameters
n,p and oy, s the extinction time of a birth-and-death process with reproduction and
death rate (%bnggtf;)ogsgtn.

PRrROOF: Since we have conditioned on the total mass of the reactant at time ¢,,
we know that there are ngijt’" reactant individuals alive at that time. Among the
n&lf:t’" — 1 most recent common ancestors of these individuals there are some which
lie at time level zero and some which lie above. The first ones contribute to «,
the others to the second line in the proposition. The idea, similar to the previous
proof, is to look at the contour process and relate MRCASs to minimal points of the
downward excursions.

First we note that there are ngijt’" — 1 downward excursions from level £, to
consider. We already showed that the contour process reaches its minimum in a
downward excursion at the extinction time of a birth-and-death process with rate
(,nn,®")s>0 each. In the case n = 1 we knew that extinction would occur before
the excursion reaches level zero. For the general n it is in fact the casethat if this
extinction does not happen before reaching time level zero, then this means the
contour goes to zero and then starts traversing the next tree of the forest. This
gives a point at level zero.

As all of the excursions are independent the number of excursions “dropping”

below level zero among the first k, excursions is therefore given by:

_ d o.
K =E" ({120 %”} x {0}) = Bin (ky,P(o, > t,)) . (9.8)
Thus the first line is already proven. It remains to show the second line. There
are now k,, — Kk, most recent common ancestors that lie above time level zero. Each
of these contours independent of the others has probability P(o,, > hy,|o, < t,) to
“drop” at least below level t,, — hy,:
Stnn({L 2 kw0 (0,1, — hy)) Z Bin (kn — i, P(0n > hnlon < tn)).  (9.9)

n'n’ n
And that is all we needed to show for the proposition. O

We continue clasically and want to prove a convergence result for Z»" when n —
oo as Theorem 6.3.1. Its proof is given by the following theorem, when additionally
mixing the (here) non-random reactant total masses at time ¢,
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It will be a quenched result , i.e. we fix a catalytic background as in Definition
2.3.3. Additionally let a fixed time ¢t < 7° be given and a sequence of t,, approaching
t as n — oo. Furthermore fix a sequence of reactant total masses s.t.:

lim |Y; — &°"| = 0. (9.10)
n—oo

The next theorem uses these ingredients and shows convergence of the rescaled point
process. Therefore condition the rescaled processes on a catalyst total mass process
n'°t" and reactant total mass &°°" at time t,,.

Then the following theorem holds.

Theorem 9.1.3:
The point process Z'n" converges to a point process w on [0,Y;] x [0,7°]. For
u € [0,1] and 0 < h < t the limit point process is given by:

e a Poisson process at level zero, i.e. on [0,Y;] x {0} specified by

7t ([0,uY;] x {0}) = Poisson (%) (9.11)
o Vs AS

e and another Poisson process on the set [0,Y;] x (0,7°] specified by

t X = Poisson | u 2 — 2
7w ([0,uY:] x (0,h)) =P ( Y: (f,f DX ds fg bX. ds)) (9.12)

PrROOF: By Theorem 4.2 in | | it is sufficient to show the convergence of Ztn"
to 7! by considering intensity measures on the sets given in the theorem. Both lines
will be proven via the usual Poisson approximation and we will only do the first
line, since the proof of the second line uses the same ideas.

Therefore let u € [0, 1] be given:

2 ([0, uy] x {0}) =
== ([0, u& "] x {0})+
+ B[y A ugt" uY; v ugtt" x {03})

_ =ta,m 1 2 Lnu§§ntn 0
=E n,n,...,i} {0}
tot,n
iEt”’n< %7%’.“’ L"u‘Yt ntn | 1J} {O})

£ Bin (Lnugio™ ] Ploy > 1)) +

+ Bin <Lnu|Yt — £ | (o, > tn)) .

(9.13)

Now it is helpful to remember that the probability P(c,, > t,) can be calculated
similar as in Lemma 9.1.1 (especially (9.4)) and we get

P(o,, > t,) =P(Poisson process with rate (m]t ")s>0 has

not jumped before time ¢,,)
1

tot,n

1—i—f0" bunttds

(9.14)
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And in a limit for n — oo we obtain that:

nooo 2 [t -
nP(o, > t,) —— 3 (/ Xsds> ) (9.15)
0

And as {;gt’n goes to Y; (remember that by conditioning they are not random) the
first summand gives what we want by the Poisson approximation for n — oco. The
second summand by Poisson approximation tends to unit mass at zero. Then as
n — oo:

2uY,
=t ([0, uY;] x {0}) — Poisson | ——t— (9.16)
t
Jo bXds

O

9.2 The relationship between limit point process and
limit contour

After the limit reactant one wonders, if there is a connection to the other functionals
of the catalytic branching setting. We can affirmate such a question and prove
Proposition 6.3.3, which relates the limit point process with the minima of downward
excursions of the contour process. The proof is quite long and is subdivided into
several steps. For the understanding of the proof we will use the slightly more
general contour description as in Section 8.4 with tree traversal speed = k. The
contour runs until local time hits %.

9.2.1 Main result and strategy of the proof
The proposition to prove is

Proposition 9.2.1: Let a fized catalyst X and t < 70 be given. If § > 0 is such
that t < 1°, then let ¢° denote the solution of the (A°, D(A°)) martingale problem.
Then it holds that

at L g, (9.17)

Here the process on the right hand side is given as the point process of minima
of downward excursions from level ¢:

N {(u,inf(e, ) :, when of, # o, and u < ayp}, (9.18)

where €, is a downward excursion of ¢? from level t and «; is the first time, when
the local time at level zero reaches % and o, is the inverse of local time at level ¢ of
u (for the exact definitions see page 42).

The proof will be done in several steps. The first four preparatory steps are in a
very general context that can be applied to any excursion question. The last step
focuses on the contour process (¢ and its downward excursion point process and
then relates it to the limit point process.

Step 1: Scale function and speed measure of a diffusion ¢ and relation to Brownian
motion.
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Step 2: Local times of a diffusion ¢ and relationship to Brownian local time.

Step 3: Excursion depths of a diffusion ¢: Depths coordinate.

Step 4: Excursion depths of a diffusion : Time coordinate.

Step 5: Application of the previous result to the point process <t and comparison
with 7t

9.2.2 The proof

STEP 1: Scale function and speed measure of a diffusion ( and relation to Brownian
motion

In this step we follow the description in [RY01, Chapter VIL.3] and references refer
to that book. Let ({y)u>0 be a regular diffusion on a compactum [/, 7] with generator
(A,D(A)). Then there exists a function s and a measure m:

s:ll,r] = R,

9.19
m :B(L.1]) — [0,0). 19
called the scale function s and the speed measure m, s.t.

e s is continuous, strictly increasing and unique up to affine transformations
(Proposition VII.3.1).

e 5(¢) is a local martingale.

e if m has density m’ w.r.t. Lebesgue measure. Then it is

1 d d
2m! (z)dx %f(w)’

for bounded f € D(A) and almost any = € (I,r) (Theorem VII.3.12).

Af(z) = (9.20)

If s is linear then ( is said to be on the natural scalethat means it contains no
drift. If the speed measure density m’ is constantthat means the process is running
at the same “speed” as Brownian motion. In the case s = id, m = X, we have { = (3,
where (8 is a Brownian motion.

To use the third property let us henceforth assume that m has density with respect
to the Lebesgue measure A, i.e. that we can write:

m(dx) = m/(z)\(dx). (9.21)

Now we want to start some calculations to express the distribution of a diffusion
¢, started in ¢, as a “transformed” Brownian motion 3, started in 0. First we note
that B := (s(¢y) — s(t))u>0 is a martingale started in 0. As shown in Lemma 8.4.8
for special m and s, it is true that B is a solution of the martingale problem with
generator

Ay = L2 s(0)
2m/(s71(z + s(t)))

So for a Brownian motion 8 we can write

dB, = \/ ST (Bu+5() 5 (9.23)

(). (9.22)

m! (s~ (Bu + s(t)))
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To use the Martingale Representation Theorem set the random time change

(s, + s(1))
o s +s) 024

v(t) =

and its well-defined inverse

7)== inf{t > 0: y(t) > u}. (9.25)
Then an easy calculation as in | , Proof of Theorem 5.5.4| gives that
d
(Bu)uz0 = (By-1(u))uz0, (9.26)

and even the following lemma holds:

Lemma 9.2.2: It is true that

(Cu)u>0 - ( (ﬁ,y 1 (u) + S(t)))uZO- (927)

STEP 2: Local times of a diffusion ( and relationship to Brownian local time
The setting and the notation is the same as in the previous step. If we call [?(¢) the
local time of the diffusion ( at level A at time u, then we get the following lemma:

Lemma 9.2.3: In the setting as above (o = t,(9.27)) it holds that

Q)L (s )W S0 (B), (9.28)

PrROOF: Before we start with calculating local times we do an easy but helpful
calculation of the quadratic variation, which also will be of help in a later proof:

(%, (% = (' (s (B <>>>>‘2 d(B, >
= (s'(s7H(By-1() + s(t ) dyt (9.29)
— (m (s (By1 00 + 5(8)))) " (s ( (ﬁy L + () du.

Hence by the definition of local time we get the relationship between local time
of ¢ and Brownian motion j:

u

o1
ZZ(C) = lim — 0 ]}'{Cve[h,h—l—e)} d(CS, <6>v

e—0 €
o1

= lim - ; L{(60)—st0els(h)—s(t),(m)—s(t) s (e to(e))y AC°5 Vo (9.30)
e

=l 2 ) ) s @ s s+ (e tole)} (9-31)

(m (57" (Byay +5(0)) (57 By + (1)) do
Now a change of variables z := v~ (v) gives:

I e ) B _9
=lim - Lig.clo(m -5 s+ meton} (8'(s7 (B +5())) T dz =

e—0 € Jq
(9.32)
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and Occupation Times Formula leads to:

1 _ —2
=lim ~ [ T iaefa(n)—s(t).sh)—s()+s' (Weto(@)y (887 @ +5(1)))) o1y (B) da

e—0 €

1,5(h)—
=(s' ()l s), (9.33)
where in the last step we used that Brownian local time is continuous in z and s’ is
right-continuous. O

In fact it looks if we had made our life a bit complicated with some factors and
summands cancelling out in the end of the proof. But we will see the merits of this
puzzling calculation in the next steps, where we can use the setting just presented.

STEP 3: Fzcursion depths of a diffusion (: Depths coordinate
In this step we describe the “depths” part of the excursion point process. In Step 4
the “time” part (or coordinate) is dealt with.

Let ¢ be a regular diffusion as above and let ¢ be in the interior of the state space
(I,7) of ¢. Remember the definitions of of,(¢), €,, U, and 7% from page 42.
The point process 7¢* measures the depth of the downward excursions from level ¢
of ¢. Then it holds the following lemma, describing the depths coordinate:

Lemma 9.2.4: The process %t is a Poisson point process and the second coordinate
nSt of the intensity measure for 0 < h < t is given by

s'(h)
2(s(t) — s(h))?

And the intensity measure of excursions reaching zero is given by

nt(dh) = §'(t) dh. (9.34)

nC({0)) = (1) (9.35)

s(t)’
In the last line of the lemma there should not be {0}, but (—o0,0]). If we restrict
to diffusions ( reflected at zero, as we will do later, then it does not matter.

PrOOF: By Theorem VI.57.6 from [\ 79] we know that the measure on downward
excursions is a Poisson point process

N(dl ® de) = dl ® n(de), (9.36)

where the first coordinate is measured in local time.
If weset for H=t—h

Gp={feU :inf(f) <h=t—H}, (9.37)

the set of excursions going below h we are interested in the law of n(G},). To obtain
that law we adapt the proof of Theorem VI.57.12 in the same book to our situation.
Therefore set

T :=inf{l > 0: N((0,1] x G) > 0}, (9.38)
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that is the first time an excursion with depth ¢t — h arises. Since N is Poisson
with rate n(G},) we know that the waiting time 7" is exponentially distributed and
therefore

E[T] = (n(Gn) ™. (9.39)

We additionally define the time when the process ( reaches the level ¢ — h, when it
is started in t:
T:=inf{r:{ =t—H,(o =t} (9.40)

By Lemma 9.2.2 we have that for a Brownian motion started in 0:
T Linf{r: By 1y = s(t — H) — s(t), Bo = 0}. (9.41)

For Brownian motion reflected at zero the Tanaka formula gives that the following
expression is a martingale:

(60 - 5600)) . (9.49)

u>0

Now the Optional Sampling Theorem for the optional time y~1(7) yields:

El(8,-1(1) 7] = 5 B2 (8)] (9.43)

But the left hand side is equal to (s(t — H) — s(t))~ and for the right hand side we
calculate:

= —s/(t)E[T] (9.44)

And putting left and right hand side of (9.43) together we get:
n(Gp) = s'(t) (2s(t) — s(h)) . (9.45)

That is just the first line of the lemma. The second line does not need to be proven
additionally, since it is just the special case of h = 0. U

STEP 4: FEzcursion depths of a diffusion (: Time coordinate
In this step we will talk about the first coordinate of the point process 7¢*. Excur-
sions arise, when local time grows. So the natural first coordinate for the intensity
measure Nt of 76t is given by:

dly, (¢) = (I(¢)) ™ (du). (9.46)

This is the uniform distribution on the set {u : ¢, = t}.

As we are going to deal with tree excursions later, we put the following question:
What happens if we want to consider the diffusion ¢ only until its local time at zero
reaches %? Until which u can the uniform measure for the local time be interesting?



9.2 The relationship between limit point process and limit contour 105

We already notice that things here get a bit complicated. So to make things clear:
Here we are going to deal with a diffusion ( starting at zero and we will apply the
results from Step 2, but in the case ¢ = 0. We will write ¢ instead of ¢ in this step
and only in this step, where we deal with a diffusion ¢ starting in ¢ = 0.

To be more precise we give some definitions and a lemma, which are put in a
wider framework:

For a Brownian motion 8 and r > 0 set:

r+ = inf{u > 0:19(3) = rs'(0)}. (9.47)
By Lemma 9.2.3 it is then:
y(r*) L oy = inf{u>0:19(¢) =r}, (9.48)

and the following lemma holds:

Lemma 9.2.5: If (Zy)n>0 is a solution of the following SDE

dZy, = \/4Zps' (h)dBy , Zy =15 (0), (9.49)

then 7
(1" (O))nzo £ (=2

Jh>0- (9.50)

Remark 9.2.6:
This result describes the total mass of the local time on the set {u : ¢, = h}. Hence
it can be calculated via an inhomogeneous Feller diffusion with catalyst rate 4s’. <

PRrROOF: By the second Ray-Knight theorem, we know that (I%,(5))s>0 is a squared
zero-dimensional Bessel process started in rs’'(0) (see Chapter VL.52 in | D).
Using Lemma 9.2.3 we have that the following expression is also a squared zero-
dimensional Bessel process started in rs'(0):

(67 @) 13, ©0) _ . (9:51)

a>0

Then we calculate:
(/s (@) 12, @ (D) =<0 / Vas(s1w) 15, (0)ds,

=s'(0)r +/ @ \/48 (Zxr s'(z)dg.,

Z, =8 (2)IZ (0), (9.53)

(9.52)

and get by setting

the following SDE:

= \/4Z.5'(z)dB, and Zy = §'(0)I5 = s'(0)r. (9.54)

Hence the lemma is shown by rearranging the definition of Z. O
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STEP 5: Application of the previous result to the point process <"t and compar-
ison with 7t
The previous general results can now be taken up to for the case of the diffusion ¢?,
i.e. where:

m(dx) = \(dz),

- / X, ds. (9.55)

Additionally we have to stop the contour, when its local time at level 0 reaches
%, ie. at time ayy,. Note that it is sufficient to compare intensity measures of mt
and 7¢°* to obtain equality in distribution. The point process 7¢° of depths of
downward excursions from level ¢ has the intensity measure NS+t We will calculate
this intensity measure on a small rectangle of size du x dh.

Its first (=time) coordinate is uniformly distributed with a total mass given by
Lemma 9.2.5 for r = %:

Zt o 2]€Zt i ﬁ
s'(t)  bXy  bXy

oy, (C0) = (9.56)

since in this case £Z behaves like a reactant Y with a fixed catalyst medium (X;)s>0
(consider (9.49)).
Secondly the depth measure nét is given by Lemma 9.2.4:
Xh
Ya(Jf, X ds)?

Hence, in the product measure evaluated on a rectangle the factors X; cancel out
and we get:

nSt(dh) = dh. (9.57)

2X,

N (du @ dh) = 11 v (w)du @ —————="_qh
( ) =1y, (w) (76X, ds)°

(9.58)

And this is almost the proof of Proposition 6.3.3, since this is the same intensity
measure than that of 7¢. One can argue similarly for the points at level 0, but we
omit the reproduction of the ideas.

Now after having done all the necessary steps we are done with the proof of
Proposition 9.2.1. (|

9.3 Comparison result between classical forest and the
catalytic forest
In this section we give the proof of Proposition 4.3.1. Therefore we recall the

following definition of an integral over the catalyst total mass . This integral is a
bit different, than in the previous section, since here we are only going to deal with
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contour downward excursions from level ¢. Therefore the integral starts from level
t on and accumulates the catalyst downwards:

0
h = o [, Xsds

In fact it is s4(h) = s(t) — s(t — h) for the case k = 1 and this shortcut is more
handy than always writing the difference.
Then we want to prove the following proposition:

Proposition 9.3.1 (Stretching tree metric): Let Z™" be a classical Galton-Watson

forest, i.e. branching rate equal to 2 with contour process B run until local time at
level 0 reaches 2. Let Y™ o catalytic branching forest with fized catalyst contour
(Xs)o<s<ro. Then for any t < 70 let

Y/ = 0Qu 0 (Z2™) (9-60)
and for uy,uy € YO, i.e. uy,up € BQs(t)(Zfor) define:

Ay or (U1, uz) 1= 25,1 (3d g (u1,u2)) - (9.61)

Then it holds that . .
(Y dpro) < (0Q Y™ X). (9.62)

PRrROOF: First we claim that the contour of the ordinary Galton-Watson process is
indeed equal to reflected Brownian motion 3 if we choose the traversal speed kz = 1
and b = 2 by looking at Proposition 5.3.1:

c(z 1) =p. (9.63)

Note that comparing the distribution of extant individuals 8QtYf°r and (f/for, d?ﬁ,,)
as metric spaces means comparing them in the Gromov-Hausdorff metric.

But any ultrametric space is characterized by its minimal spanning tree [GPW08,
Remark 2.2|. Therefore it is sufficient to compare distributions of the minimal
spanning trees. These spanning trees themselves are characterized by the MRCA
points, which denote the most recent common ancestors of two individuals alive at
time t. These MRCA points are just the points of the point process 7t (in the case
of 0Q;Y ™) and 7! (in the case of 0Qs, (1) Z%r). Hence we only need to show that
the law of 7t is the same as the s;-transformed law of 7% and we do this by showing
the equivalence of their intensity measures X' and R%! similar as in the preceding
proof and hence choose § > 0 s.t. t < 79,

We will use notation from the previous section, in the sense that the contour
traversal speed is set to be k > 0 and we will specify this k. Especially the reader
should be familiar with Steps 4 and 5 in that section.

As the intensity measures consist of two independent coordinates, we separate
the proof into two parts and start by comparing the time coordinate (or local time
coordinate, to be more precise) and treat the excursion coordinate, i.e. the excur-
sion measures n' and n®? later.

The first coordinate is Lebesgue measure in both cases, which is supported until
local time at level 0 hits 2 for Z and 4/b for Y. Then the only question is the total
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mass of the Lebesgue measure in each case, i.e. how much local time at level ¢ (for
Yor) and at level s;(t) (for Z*) until the end of the excursion.
Then by Lemma 9.2.3:

siOLL, , (¢ =119, (B). (9.64)

(a4/b

To specify the lower index on the right hand side observe that:

r= 771(044/b & (r) = ayu

4 b
)% = o

We want to call o the inverse local time of 3 at zero. Then by choosing k = 1 we
get for (9.64):

S8, =7 (9.65)
s'(0

s 19p) =

st (), () = St(t( 5 (6). (9.66)

So the time parts of the point processes are already related.

Secondly we need to show that the “excursion-parts” n! and n®* of the intensity
measures correspond. Therefore let 0 < h; < hy < t be given and calculate on the
one hand for the measure n’ by Theorem 9.1.3:

o) =2 (= ) 00

On the other hand we observe for the intensity measure n®* of Z© that the met-
ric transformation for two extant individuals uq,us € 8Q8t(t)(Zf°r) works like the
following:

1 1
§df/for(ul,UQ) S [hl, hg] <~ §dzfor(u1,u2) S [St(hl),st(hg)]. (968)

Hence it is:

Y ((hy, hal) = 0P ([so(ha), si(h2)])
B < L ) (9.69)
"2 \silha) s )

By multiplying the first and the second coordinate of the intensity measures the
factor sy(t) cancels out and we get similar as in Step 5 of the previous sectionthat
Yior and 0Q,Y " have the same distribution. O

The next proposition was given in the contour process chapter. Its proof requires
results shown in this chapter about the local time process of the contour. First we
restate it:

Proposition 9.3.2: Let a fized catalyst (X;)i>0 and its killing time 7° be given.
For § >0 let ° be the reactant limit contour. Then

Plim(¢*,¢)a,, < 00| X] =P[p" < 7] (9.70)

and
P[lim(C°,¢)a, , = 00| X] = P[p" > 7). (9.71)
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PRrROOF: In the first case there is nothing to show, since the quadratic variation of
a bounded diffusion until an almost sure finite time is finite.
In the second case we condition on the event p® > 79 and we can write by (9.64):

(P> ={vi>0vt <7} =
{Xull,, (") >0 vt < 7} = (9.72)

Q4/b

(it (¢%) >0vt <7}

Q4/b

So by Occupation Times Formula we get:

Qy/p
1{P0>TO}<C6’<5>04M = /0 ]l{p0>7—0}d<<6,<5>u
5

= [ om0 vy 9.73)

“4/p
70 s(v)
2l (B)
- /0 bX, L5 (550 veroy @V-

Hence, the indicator just transformed to an indicator for non-vanishing of the
(B-local time. Therefore the denominator can be bounded from below by an almost
sure positive random variable ¢. Hence

(€N agyy = ¢/0 X%,d”' (9.74)

The integral expression is then a random variable which for § — 0 tends to infinity
by Lemma 3.1 in [AW05] in the case that g(z) = x'*7 for g € [0,1). In fact we
wanted to have a slightly wider range of branching modifications g according to G4
of Condition 2.1.3:

. g(x) o
36 € [0,1) igﬂjx1+5 =c. (9.75)

The integral above has its difficulties only in the region, where the catalyst ap-
proaches zero.

Hence, we are only going to consider the integral for a catalyst started in Xy = ¢
and where ¢ lies already e-close to its approximation in [0, 2€¢/]. We set the iterated
d-hitting times 75, k> 1 of X (jumps of local time). Then it is clear that

0 0

1 1
/0 de Zsup/ — dv. (9.76)

v k>1Jrg v

Remember that dX; = /g(X;) dB; and we define another well-defined diffusion X,
also started in € by:

dX, =/ X} dB,. (9.77)

If we set

t ds t ds
— . — — — 9.78
% /0 g(BS + 5) “ /0 (Bs + 5)1+6 ( )
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then
Xi =By +€, Xy =By +¢ (9.79)

Thus, we can consider the integral, where the catalyst stays in a region close to the
origin and we get by a change of variables:

0

™ q 70 B 1 4+ 70
/ Lo :/ dr Baiys ¥V 0 [T (9s0)
< Xy o Xr g(Ba;1+5 +¢€) o X

Tk

And the last integral was already shown to have the value infinity in the previously
mentioned Lemma 3.1 of | |. O
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A Important theorems required in the
proofs

Here will be denoted some of the theorems quoted from books. The notation will be
convenient with the usual notation of this diploma thesis, so some of the theorems
will look different than the ones in the mentioned books. They were mostly put in
the order of appearance in the book rather than appearance in this paper.

Clearly the theorems do not substitute a thourough study of the topics with the
help of the books mentioned.

A.1 Theorems from the book of Ethier and Kurtz:
Markov Processes

The book of Stewart Ethier and Tom Kurtz is one of the widest collection of what is

known about Markov processes in general. It covers semigroup theory, the basics of

stochastic analysis martingale problem theory and not to forget many applications.
Special emphasis is laid on convergence of Markov processeses.

A.1.1 Semigroup theory

A first result about semigroups and generators is Theorem 1.7.1 from [ , p-37],
which states:
Theorem A.1.1 (Theorem 1.7.1 from | E

Let A be a linear operator on L sucht that A is single-valued and generates as-

trongly continuous contraction semigroup on L = Cy(EL , % Egiope,R). Let B be a

dissipative linear operator on L such that D(B) D D(A). If

BN < allAfIl+ BIFN, f e D(A), (A1)

where 0 < a < 1 and 3 > 0, then A+ B is single-valued and generates a strongly
continuous contraction semigroup on L.

Another result about Markov jump processes states the following:

Theorem 8.3.1 from | , p-376]
Theorem A.1.2 (Theorem 8.3.1 from | E
Let

Af(x) = Az) / (F) — F()ul, dy).

Let E be a locally compact, noncompact, separable metric space and let E® = EUA
be its one-point-compactification. Let X\ € C(E) be nonnegative and let p(z,T") be a
transition function on E x B(E) such that the mapping x — u(x,-) of E into P(E)
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is continuous. Let vy and n be positive functions in C(E) such that 1/ and 1/n
belong to Co(E) and

sup M =1 < oo,
el W(x)
lirrz Mz )p(z, K) =0 for every compact K C E,
sup A(z) / Mu(m,dy) = (5 < 00,
zeE ()
sup A(z) / Mu(w,dy) = (3 < 0.
z€E n(y)

Then the closure of {(f,Af) : f € Co(E),vf € Cy(E),Af € Co(E)} is single-
valued and generates a Feller semigroup on Cy(E). Moreover, C.(E) is a core for
this generator.

A.1.2 Convergence theorems for Markov processes

The next theorems are being useful to show some convergence results for Markov
processes. In fact we first state a theorem, which shows where the idea of proofs
will go along, but we will not use explicitely within this thesis. It holds for any kind
of stochastic processes with cadlag paths:

Theorem A.1.3 (Theorem 3.7.8 from | E
Let E be separable and let Z,,n =1, 2,..., and Z be processes with sample paths
in Dg|0,00).
If{Z,} is relatively compact and there exists a dense set D C [0,00) such that

(Zn(t1);- -+ Zn(tr)) = (Z(t1), .- Z(tk)) (A.2)

holds for every finite set {t1,...,tx} C D, then Z, = Z, where convergence is
convergence in the distribution on the path-space Dgl0, 00).

To establish the two criteria relative compactness and f.d.d.-convergence there
are several tools available:

An important indicator for the first is the compact containment condition, which
states that one can find a compact subset of the state space in which the process
stays with high probability up to a given time.

Then one way to show relative compactness is to transfer the problem of finding
a compact set in the metric space E to finding a compact set in R for a big class of
mappings f from the state space F to R:

Theorem A.1.4 (Theorem 3.9.1 from | E
Let (E,r) be a complete and separable metric space, and let {Z,} be a family of
processes with sample paths in Dg[0,00). Suppose that the compact containment
condition holds. That is, for every A > 0 and T > 0 there ezists a compact set
I'xr C E for which

inf P[Z,(t) € Tar for0<t<T]>1—-A. (A.3)
n
Let H be a dense subset of Cy(E) in the topology of uniform convergence on compact

sets. Then {Z,} is relatively compact if and only if {f o Z,} is relatively compact
(as a family of processes with sample paths in Dr[0,00) ) for each f € H.



A.1 Theorems from the book of Ethier and Kurtz: Markov Processes 114

By the previous theorem the relative compactness question of the sequence (Z,)
can be shifted to the real-valued sequence (f o Z,,) for sufficiently many f. With
the next theorem relative compactness can be shown for the latter:

Theorem A.1.5 (Theorem 3.9.4 from | E
Let (E,r) be an arbitrary metric space, and let {Z,} be a family of processes with
sample paths in Dg|0,00). Let C, denote a subalgebra of Cp(E) (e.g. the space of
bounded, uniformly continuous functions with bounded support), and let D be the
collection of f € Cy(E) such that for every € > 0 and T > 0 there exist real-valued
F-progressive-measurable (Y, Z,) with uniformly bounded expectation in t with:

Yo (t) — /t Zn(s)ds is a martingale, (A.4)
0
supE/ | sup !Yn(t)—f(Xn(t))\] <e (A.5)
n te[0,T1NQ
T
SupE[/ |Z,(t)[P] < oo for some p € (1, 00]. (A.6)
n 0

If C, is contained in the closure of D (in the sup norm), then {f o X,,} is relatively
compact for each f € C,.

The following theorem puts together most of the previously mentioned ideas and
states the convergence of the Markov process Z,, to a diffusion Z. This convergence
holds if something closely related to the convergence of the corresponding generators
holds and relative compactness is true.

Theorem A.1.6 (Theorem 4.8.10 from | |):
Let (E,r) be complete and separable. Let A C Cy(E) x Cp(E) and v € P(E), and
suppose that the Dg[0,00) martingale problem for (A,v) has at most one solution.
Suppose X, n=1,2,..., is a {G]'}-adapted process with sample paths in Dg[0, 00),
{ X, Ynen is relatively compact, PX,,(0)™! = v, and M C Cy(E) is separating. Then
the following are equivalent:
(a) There exists a solution X of the Dg|0,00) martingale problem for (A,v), and
X, = X.

(c) There exists a countable set I' C [0, 00) such that for each (f,g) € A and T > 0,
there exist integrable (&, ¢n), such that:

(&n(t) —/0 ®n(s)ds)i>0 is an {G]'}- martingale, (A.7)
sglpjggEH&n(S)H < oo, (A.8)
sup iggE[l%(S)l] < 00, (A.9)
k
Jim B (&(1) = f(Xa(1))) th(Xn(tz))] =0, (A.10)
i=1
k
Tim £ <¢n<t>—g(Xna)))Hhi(Xn(ti))] —0, (A1)
i=1

forallk>0,0<t <to<--- <ty <t<T witht;,t £, and hy,...,hy € M.
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A.1.3 Martingale problems

Another group of important theorems are put under the headline of Martingale
problems. First a uniqueness result for one-dimensional SDEs says:

Remark A.1.7 (Remark 5.3.9 from | E
Let 0 :[0,00) xR = Ry and b: [0,00) x R — R be locally bounded, measurable and
satisfy

jo(t,2)? = o t,y)*] + [b(t, ) = b(t,y)| < K|z —y, (A.12)
t>0,zecRY, (A.13)
for some constant K. Given two solutions
(QF,PAF}, W, X) and (Q, F, P{F:},W,Y) (A.14)
of the SDE corresponding to (o,b) it is true that
P[X(0)=Y(0)] =1 (A.15)
implies
PX(t)=Y(t) Vt > 0] = 1. (A.16)
Next a multi-dimensional analogue:
Theorem A.1.8 (Theorem 5.3.10 from| D:
Let 0 :[0,00) x RY = RI@ R and b : [0,00) x RT — R? be continuous and satisfy
lo(t,2)|> < K1+ |z*), 2 -b(t,z) < K(1+ |z]?), (A.17)

t>0,zeRY, (A.18)

for some constant K, and let € M1(RY). Then there erists a solution of the
stochastic differential equation corresponding to (o,b, ).

The following theorem allows to derive uniqueness of a martingale problem by
knowing the uniqueness of the one-dimensional distributions. In a special case it
also allows to prove the strong Markov property of a solution of the martingale
problem.

Theorem A.1.9 (Theorem 4.4.2 from | |):
Let E be separable, and let A C B(E) x B(FE). Suppose that for each p € P(E)
any two solutions X, Y of the martingale problem for (A, pn) have the same one-
dimensional distribution that is, for each t > 0,

P[X(t) eT)=P[Y(t)eTl], T € B(E). (A.19)
Then the following hold.

(a) Any solution of the martingale problem for A with respect to a filtration (G;) is
a Markov process with respect to (G;), and any two solutions of the martingale
problem for (A, 1) have the same finite-dimensional distributions.

(c) Let X* be the unique solution of the (A, u = d,)-martingale problem with cadlag
paths and P, is the law of X* on Dgl0,00). If such a solution exists for any
x € E and the mapping x — P,(B) is measurable for any B € B(Dg), then
X 1is a strong Markov process.
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A.2 Theorems from the book of Karatzas and Shreve:
Brownian Motion and Stochastic Calculus

From the book Brownian Motion and Stochastic Calculus | | by Ioannis Karatzas
and Steven Shreve we take several results which are losely connected. First we quote
a result about regular conditional probabilities. This theorem states the existence
of probability kernels describing the conditional probabilities as long as we are on
a complete and separable metric space. This is always the case if the state space
of the processes we consider itself is complete and separable and the processes are
either continuous or have cadlag paths. In this thesis the state spaces are either
subsets of R%, the set of compact rooted real trees T,

Theorem A.2.1 (Theorem 5.3.9 from | E
Let Q be a complete, separable metric space with Borel o-field F = B(Q) and a
probability measure P. Furthermore let X a measurable mapping from this space
into a measurable space (S,S), on which it induces the distribution PX~*. There
exists then a function Q(x; A) : SXF — [0,1], called a reqular conditional probability
for F given X such that

(i) for each x € S,Q(x;-) is a probability measure on (Q, F),
(11) for each A € F, the mapping x — Q(x, A) is S-measurable, and
(iii) for each A € F, Q(x;A) = P[A|X =], PX~ ! -a.e. z € S.
This probability is unique in the sense that for PX ' -a.e. z € S:
Qi {w: X(w) =a}) =1 (A.20)

To apply it to the quenched situation consider in the case of the tree-valued
process, the probability space (£2,F,P) from the introduction. Then the func-
tional ((7{°");>0, "), where r is fixed induces a probability measure P = P o
()0, €)1 on the measurable space (Dga [0,00) x T™°t B), where B is the
Borel-g-algebra on the product space. Then the projection on the first coordinate
in this space is a measurable mapping by definition of the product-o-algebra. With
the help of the theorem a regular conditional probability exists, i.e. there is a prob-
ability kernel Q(-,-) : Dt [0,00) x B — [0,1] s.t. for A € B and P- almost surely

any 7 € DRi [0,00) one has the existence of the kernels.

A next result tells us about the existence and the strong uniqueness of a one-
dimensional SDE. It is pretty close to the results of Engelbert and Schmidt and
tells that existence and strong uniqueness hold under quite general conditions:

Theorem A.2.2 (Corollary 5.5.10 from | D:
Let 0 : R — R be given. The equation dXy; = o(Xy)dWy possesses a unique strong
solution for every initial distribution u, if the four conditions (E) and (i)-(11) hold
for functions f : R — [0,00] and h: [0, 00] — [0, 00]:

(E)

I(0) C Z(0),ie.: {z €R: /He W oy ClreR: o) =0} (A21)

o—e 02(y)
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(i) at every x € I1(0)¢, the quotient (f/a)2 is locally integrable; i.e., there exists
e > 0 (depending on x) such that

/:H <M>2 dy < 00; (A.22)

— \o(y)

(11) the function h is strictly increasing and satisfies h(0) = 0 and

/ h=2(u)du = oo; Ye >0 (A.23)
0

(iii) there exists a constant a > 0 such that
|o(z +y) —o(z) [< f@h(y]); VeeRyel-aa] (A.24)

Solutions of SDEs and solutions of martingale problems have a strong link and
the next result tells in a quite general version about the Strong Markov property of
such solutions:

Theorem A.2.3 (Theorem 5.4.20 from | E
Let a linear operator A on a subset of C’O(Rd,R) be given by:

Af(x) = > oi(r)s—5— 3%3% + ) bl 8% (A.25)

1<i,5<d 1<i<d

Suppose that the coefficients b,o are bounded on compact subsets of R%, and that
the (A, d,)-martingale problem is well-posed for any x € RY with solution P, €
M (Cral0,00)). Then the family P, satisfies the strong Markov property.

A.3 Theorems from the book of Rogers and Williams:
Diffusions, Markov Processes and Martingales

From this very good book | | of Chris Rogers and David Williams we only
take a theorem about the boundary behaviour of a diffusion X on the state space
[0,00), with measure P, on C([0,00),[0,00)), when X (0) = z. This theorem states
that the hitting time of he boundary 0 can already be calculated by checking an
integrability criterion for the speed measure of the diffusion:

Theorem A.3.1 (Theorem V.51.(ii)):
Let X be a diffusion with natural scale (e.g. mo drift) and speed measure m. For
Hy :=inf{t > 0: X; = 0} it is true that:

P*[Hy < o0] =1 for all x > 0 if and only if xm(dz) < oo. (A.26)

o0+



B Additional concepts and proofs

B.1 The Kingman coalescent

In 1982 J.F.C Kingman presented in his paper | | the so-called “Kingman’-
coalescent. It is a stochastic process describing the merging of sets, where merging
of two sets arises after exponential time independent of all other possible two-set-
combinations.

To be more precise we use the notation of | | and let a countable set S be
given. We say that {m)} is a partition of S, iff

e Um\, =5,
e m\Nmy =0, when X\ # )\ and
o ) # () for all \.

The sets ), are called partition elements. The set of all partitions of .S will be called
IT°.
An equivalence relation ~p on S is induced by a partition P € IT°:

§1 ~p So & dw € P s.t. 51,80 €. (B.1)

For a subset S’ C S we define a mapping pg : II¥ — 15" by the corresponding
equivalence relations:

81 ~py P 82 i€ 81,82 € S’ and 37 € P s.t. 51,89 € 7. (B.2)

This mapping restricts a partition of S to a partition of one of its subsets S’.
Additionally define a partial ordering < on II°:

P<P:evreP3ireP:nCr, (B.3)

and to count the number of partition elements of P, we write #P.
If we restrict our attention to the case S = N and subsets S,, = {1,2,...,n}, what
we will do henceforth, a metric d can be introduced on the space II%:

d(P,P') := 2~ NBP), (B.4)
where N(P, P') =sup{n € N: py 5 1P = pp12..n} P’} (B.5)
With this metric the mapping pg is continuous for any finite subset S” C N. One

can even then check that (II%,d) is a compact, complete, separable metric space
(the first can be shown via sequential compactness).
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Before we start with the construction of the coalescent we set the following special
partitions of S,, and S:

A= {{1},{2},...,{n}} in the case of S,
A= {{1},{2},...,} in the case ofS
©:={1,2,...,n} in the case of S,
©:={1,2,... } in the case of S

(B.6)

Now to start with the coalescent we give the following definition:

Definition B.1.1 (The n-coalescent):
The n-coalescent (R}):>0 is a Markov-process with state space 1%, starting at
R§ = A with the generator Q" :

Qf)= Y (B~ fla). (B.7)
B=a,|B|=]al-1
First some properties of this process can be shown, which can be found in [Kin82]:

e the process (D})i>0 := (#R})i>0 is a death process starting in n with rate
(g) in state k.

e the process (mZ)lgkgn which gives the sequence of states in 15" for the n-
coalescent, is ordered in the following sense:

A=R <R _| < <RYy <R} =0Oand (B.8)
is a Markov process.

e These two processes D and R are independent.

The idea now is to extend this definition to a process defined on IT° and starting
in the diffuse partition ©. This “limit” process should have the property, that when
restricting it to a finite subset of N, then we got the n-coalescent. This was first
done by Kingman in [Kin&2] and we will follow his ideas in a very short description,
called the paintbox-construction:

Given a probability vector x = (z1,z2,...) define an i.i.d. sequence of random
variables Z1, Zs, ..., s.t.:

P(Zy =r) =z, Vr € Ny. (B.9)

This gives us an exchangeable probability measure P* on II¥, where this measure
is induced by the following equivalence relation:

R={(i,j): Z =2 >1}. (B.10)

We can do the same even if the vector x is random by defining the law on the
partitions by:

P = /PI wu(dr). (B.11)
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As a special case we take it to be uniformly distributed on the k£ — 1-dimensional
simplex Ay, that means:

To = Tpy1 = Tpqo = -+ = 0, (B.12)
dridzxy - drp_1 = d)\k71|Ak (X1, Th—1), (B.13)
T =1-— (xl—i—---—i—xk,l), (B.14)

where dA\*~1 is the k — 1-dimensional Lebesgue measure. Then after a uniform
random choice of two of the coordinates x1,...,z, say x; and x; and adding up
these two components we obtain the vector

(xl,...,xl-—}—x]-,...,fj,...,xk). (B.15)

It is easy to see that this vector is uniformly distributed over the k — 1-dimensional
simplex. By this consistent procedure we can by a projective limit argument define
a Markov process (Ry)ren with state space IT¥ = TIV:

2/k(k —1) ifn<¢and #n=#E—1,

i (B.16)
0 otherwise,

PRy = |9 = €] = {

where & € IT1%, #£ = k.
Let us additionally we define an independent death process (Dy)¢>¢ starting from
oo with death rates 1k(k — 1) in state & ([Don91]). Then the process

Ry := A, Ry :=Rp, fort >0, (B.17)

is a IT%-valued Markov process, called the coalescent. The restriction pg, (R) of R
to the first n coordinates is the ordinary n-coalescent.

In fact in the topology of ITI¥ we get that for (i,7) € N2, with i # j, we have with
the aid of exchangeability of the law that for k € N:

2

Therefore it is true that
2
P(i, 7 =E B.1
(6:3) € Re] = Bl (B.19)

and this expression tends to 0 as ¢ — 0. Hence the initial distribution of R is
Ry = A.

More ideas and newer ideas, for example the “look-down” idea are presented in
the work of Donnelly and Kurtz [DI<96], or in Alison Etheridge’s book about su-
perprocesses [th00] the entrance law at oo is discussed in a paper of Donnelly
[Don91].
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B.2 Diffusions and scale functions

Let two diffusions ¢! and (2 be given on a compact time interval [0, T]. Their state
space is a compactum [L, H] C R and they are reflected on the boundary. Call s;
and s9 the scale functions of the diffusion and assume that the speed measure is
Lebesgue measure. Our aim is to show that, when the derivatives s} and s/, differ
slightly in Skorokhod-metric, then the diffusions stay close in the sense that
E[ sup |¢, — ¢ll
0<u<T
can be bounded by the Skorokhod distance. Hence we want to prove some sort of

continuity from scale functions to diffusions.
We state the following proposition:

Proposition B.2.1: Assume that the derivatives of the scale functions are cadlag
and lie in a compact interval:

sh, 85 € [a,b] C (0,00). (B.20)
Then, for all € > 0 there exists a § > 0, s.t.:

d%(sh, sh) < 6 = E[OSuET ICL =2 < a3 (B.21)
<u<

ProOOF: The proof is rather straightforward. First we note that similar to Section
9.2 in Step 1 we can set a random time-change for a Brownian motion j3:

to
71(15):/0 mdv,
to
Yo (t) :/0 6o dv.

With that time change one can rewrite the diffusions as time-changed Brownian
motions as in Lemma 9.2.2. Now we will use the || - || to indicate the supremum
norm.

(B.22)

B[ sup |G}~ G2l = Ellsi (8,20) = 57 (B2

0<u<
<Bllls7 (8, 1) — 53 (8, 1)1+
+ Elllsy (8,1 () = 52 (B0 ] (B.23)
<llsT I ElllBo = s1(s37 (o))
sz BB,y — B 1
(A) For the first line we observe that for o := s5 ' (u):

u=s3(a) 2 aallu —si(sy (W)l = [ls2(a) = si(a)] < Jlall d*(s1, s5)(1 + )

< alul| d%(s), s5)(1 + 0). (B.25)
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Hence we get

E[|18s = s1(s3 " (B))I) < a” Bl Bol] (51, s5) (1 + D). (B-26)

(B) For the second line we need to show more and this will require some time.
We need to find a way to say that the time-changes do not differ too much. Hence
for a constant r > 0 we split up the problem in two lines

E[Hﬁyl—l(u) - ﬁ%—l(u)m =
Bl = g u)H]l|,,Y;1(u),7;1(u)“<rm]+
[Hﬁ —1(u —ﬁ H ||71 (u) ,\/2 (u)||>7n /dSk(sl,SQ)]

Triangle inequality and Cauchy-Schwarz inequality yield:

-<E[ sup 1851
0<7F<r/dSk(s],sh)

+2E[ sup [B2|P[lly;*(u) =5 H(w)|? > r2d> (s, 53)]-
0<s<T

With Brownian scaling and Doob’s inequality we obtain

<¢WE[ sup (5] + SEIGHIPL ).

(B.27)

Hence, what remains to be done is to bound the probability expression on the right-
hand-side. We do that by using a strictly increasing smooth function A which is the
“time-change” to relate s} and s/, as Skorokhod functions (see Section 3.5 in [F1{80],
especially (3.5.5) ):

Iyt @) =2 @I <HOTY T llu =10z ),

by setting ¢ := v, ' (u) we get

\s2 ﬂv g >>\+rs1<< ) = 51(8)
=i / 51(8,) 55(8) a

<Ha 2|7y ' (u )HdSk(sl,sQ)JrHa‘Qll/ (A(By)) — 51(By) dv].
(B.28)

The first summand looks well for a good choice of r but the second summand still
needs further treatment. Unfortunately we will not go into details now. First one
needs to go back to considering the probability of the event in (B.27) and apply
Markov inequality. Looking at the line just written we can split up s} into finitely
many continuity components which cover most of the interval. Then use a uniform
continuity argument to finish the idea.
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(C) Hence we get the following:

BB,y = Byt <
<a”?E[||Bull] d°* (s}, ) (1 + b)

+a %\ [d%(s), sh)rE[ sup |G;]]
0<7<1 (B.29)

Ha™3
+ SE[|5})

Hba 3
+ 8B B3) (5], ).

And the expression on the right hand side can be bounded from above by a =3¢ when
choosing s} and s sufficiently close in Skorokhod metric. O

(s}, s5)

B.3 Link between Birth-and-Death processes and
Branching processes

Let two models be given for a rate A > 0:

e a continuous time branching process Br with binary offspring. Branching of
each individual happens independently of the others after an Exp( fttJr' 2)s ds)
time. The process starts with one individual: Brg = 1.

e 3 continuous time birth-and-death process BD. Each individual independent
of the others dies after an exponential time with rate A and gives birth after
an exponential time with rate A. New-born individuals are “attached to the
right”, i.e. in linear order they are put after the father individual.

By simply looking at the generators, the two total mass processes related to the two
models are the same. It even holds the following lemma:

Lemma B.3.1: The contour processes of Br and BD are equal in distribution:
C(Br:o)L¢(BD: o). (B.30)

Remark B.3.2:
It is crucial for this lemma to have binary offspring for the branching process. To
relate other offspring distributions or even random offspring one gets other results.

PrOOF: We compare the two contours from the start on and show that the lengths
of the line segments are the same.

Let X; be the length of the first constant slope line segment in the BD contour.
The first individual after an exponential time. Hence for x > 0

P(X| >z)=e (B.31)

On the other hand let Y7 be the length of the first constant slope line segment of
the Br contour. The length Y7 is the sum of several line segments in the genealogical
tree. It has probability % to consist of one line segment, probability % to consist of

two line segments, probability % to consist of three line segments and so on.
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Each of these line segments is equal to a lifetime of a branching individual and
this is an Exp([ 2\ dr)-time. If we call Ey, Es, ... a sequence of such exponential
random variables, each starting, where the other one ends, then we can write:

e}
P(Y1 > x) :ZP(El + -+ Ej > x, #line segments = k)
k=1
o0
= Z P(E) + - + Ei > x)P(#line segments = k) (B.32)
k=1

L(k, 2))([z, 00))27",

M

T
I

where I'(k, \) is Gamma-distribution with parameters & and A. After a short cal-

culation one gets:
oo

P(Y1 >z) = / e M ds = e A, (B.33)
€T

But this is the same distribution as X1, so the first length of the contours coincide.

One can continue this idea for the oncoming line segments as well. O

B.4 Additional proofs

Lemma B.4.1 (LocalNLipschitz—continuity implies Lipschitz-continuity on com-
pacta): Let (E,d), (F,d) be metric spaces and f : E — F a locally Lipschitz-
continuous function. Then f is globally Lipschitz-continuous on any compactum

KCFE

PRrROOF: Assume the contrary:

Let (), (yn) sequences in K, s.t.: d(f(zn), f(yn)) > n d(2n,yn) Since K is com-
pact, there exists a subsequence (zn,) of (2,) and a subsequence (y,,) of (yn,)
which converge in K. Not to get confused with notation, we will without loss of
generality assume that z, — x and x, — y as n — oco. If x /=y then the right
hand side in (reference) is positive for n — oo, so the left hand side would need to
grow to infinity. But this cannot be since f is continuous and K compact. In the
case x = y, assume that V is the neighbourhood of x, in which Lipschitz-continuity
holds for the Lipschitz-constant L, < co. As x,,y, converge to z, there will be an
N € Ns.t. xp,yn €V Vn > N. So we have:

n d(@n, Yn) < d(f(2n), f(Yn)) < Led(n,yn) Y > N

But this cannot be true. O



Notation

|- 1z

t

Q.

Qp

p

Co
C(E,F)
CE[0,00)

0,%
C[O,oo) [0’ L]

Zlnord
Troot

Troot,lin
root,lin
I’]rﬁn

Wi, w2

supremum norm on the set of functions from E to R
=inf{u >0:1(¢) =r}

=inf{u>0:10() =1}

one-dimensional Brownian motion started in 0
space of continuous functions vanishing at infinity
space of continuous functions from F to F

space of continuous functions from [0, 00) to F
={f € C([0,L],[0,00)) : f(0) = f(L) =0, f(z) >
0Vx e (0,L)}

ordered tree to contour mapping

Banach space of cadlag functions f : [0,00) — Ri
domain of the linear operator A
Gromov-Hausdorff-metric on T

local time of { at time u at level ¢

the set of probability measures on )

the natural numbers, {1,2,...}

power set of €2

Kingman coalescent

={(z,y) €eR?:2 >0,y >0}

= [0,00)

contour to ordered tree mapping

contour to tree mapping

space of rooted R-trees

space of rooted, linearly ordered tree

space of rooted, linearly ordered tree, with finitely
many branch points

independent Brownian motions

T T T TP
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.23

.70

31
31
21
24
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Index

In this index only few “n-rescaled objects” are listed. Indeed the definitions of
them can be found shortly after the other definitions of the non-rescaled objects
throughout the thesis. Mostly they are analagous.

Qyp e local time inverse at level zero of ¢? of % ..... 42
AL generator of the T%-cut reactant tree ... 82
b branching constant for the reactant ... )
B catalyst contour process ... 32
c reactant contour process ... 32
Eg(;gt ..... state space of reactant contour C™° ... 82
Egope oo = {—1, 1} state space of reactant contour slope V. ..... 82
N . catalyst process . 5)
not L catalyst total mass process ... 13
pfer L catalyst tree-valued process ... 25
o the catalyst linear ordered tree ... 32
K(n,A) ... limit transition kernel for the reactant ..., 67
K™(n,A) ... rescaled transition kernel for the reactant ... 67
L(C, %) ..... contour “local time” functional inverse of % ..... 33
L reactant limit point process ... 41
m catalyst point process ... 38
ot point process associated with ¢ ..., 42
& Ll reactant process .. )
got reactant total mass process ... 13
gor L. reactant tree-valued process ... 25
& the reactant linear ordered tree ..., 32
=L reactant point process .. 38
R L reactant extinction time of ¢t 40
o reactant extinction timeof Y ... 41
0 L. catalyst extinction time of the ptot» . 16
R catalyst extinction timeof X ... 17
U, ... generator of (ptotn gtotm 45
xr L catalyst total mass diffusion started in2 ... 16

Y=y L reactant total mass diffusion with Yy =y ... 16
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