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Abstract

It is natural to ask: what kinds of matrices satisfy the Retgtd Eigenvalue (RE) condition? In this
paper, we associate the RE condition (Bickel-Ritov-Tsyva®d) with thecomplexityof a subset of the
sphere inR?, wherep is the dimensionality of the data, and show that a class afaanmatrices with
independent rows, but not necessarily independent colusatisfy the RE condition, when the sample
size is above a certain lower bound. Here we explicitly idtrce an additional covariance structure to
the class of random matrices that we have known by now thisfyséhhe Restricted Isometry Property
as defined in Candes and Tao 05 (and hence the RE conditibojdéer to compose a broader class
of random matrices for which the RE condition holds. In thése, tools from geometric functional
analysis in characterizing the intrindmwv-dimensionastructures associated with the RE condition has
been crucial in analyzing the sample complexity and undedihg its statistical implications for high
dimensional data.

Keywords. High dimensional data, Statistical estimatidn,minimization, Sparsity, Lasso, Dantzig selec-
tor, Restricted Isometry Property, Restricted Eigenvalueditions, Subgaussian random matrices

1 Introduction

In a typical high dimensional setting, the number of vaeahl is much larger than the number of ob-
servationsn. This challenging setting appears in linear regressiamasirecovery, covariance selection
in graphical modeling, and sparse approximations. In thisep we consider recovering € R? in the
following linear model:

Y =X0+e, (1.1)

whereX is ann x p design matrix,Y is a vector of noisy observations aadbeing the noise term. The
design matrix is treated as either fixed or random. We asshroaghout this paper that > n (i.e. high-
dimensional) and ~ N (0, 021,,). Throughout this paper, we assume that the columns bave/, norms
in the order of,/n, which holds with an overwhelming probability whénis a random design that we shall
consider.



The restricted eigenvalue (RE) conditions as formalized3lyel et al. (2009 1 are among the weakest
and hence the most general conditions in literature imposetthe Gram matrix in order to guarantee nice
statistical properties for the Lasso and the Dantzig selefiir example, under this condition, they derived
bounds orY;, prediction loss and o#,, wherel < p < 2, loss for estimating the parameters for both the
Lasso and the Dantzig selector in both linear regressioman@arametric regression models. From now
on, we refer to their conditions in general as the RE comndlit®efore we elaborate upon the RE condition,
we need some notation and some more definitions to put thiditcamin perspective.

Consider the linear regression model Inl). For a chosen penalization parametgr> 0, regularized esti-
mation with the/; -norm penalty, also known as the LassdEhirani 1996 or the Basis Pursuiti{hen et al.
1999 refers to the following convex optimization problem

~ 1
= in—|Y — X85+ X 1.2
B = argmin oY — XBI3 + A8l (1.2)
where the scaling factdr/(2n) is chosen by convenience.

The Dantzig selectoi((andes and Ta@007), for a given),, > 0, is defined as

(DS) arg min lXT(Y - XB)
n

BERP

< A (1.3)

BHl subject to

HOO

For an integerl < s < p/2, we refer to a vectop € RP with at mosts non-zero entries as ansparse
vector. Let3r € RI”!, be a subvector 8 € R? confined taI". One of the common properties of the Lasso
and the Dantzig selector is: for an appropriately chosgrfor a vectorv := 5 — (B, whereg is ans-sparse
vector and3 is the solution from either the Lasso or the Dantzig seledtéolds with high probability (cf.
SectionC)

lvrelly < ko [lvrlly (1.4)

wherel C {1,...,p}, |I]| < sisthe support of}, ky = 1 for the Dantzig selector, and for the Lasso it holds
for ky = 3; seeBickel et al.(2009 andCandes and Ta(@007) in case columns oK have/s norm./n. We
usevr, to always represent the subvectorwoE R? confined tolj, which corresponds to the locations of
the s largest coefficients of in absolute values: therd () implies that (see Propositidh4)

|oze|l, < ko llvrlly - (1.5)

We are now ready to introduce the Restricted Eigenvaluengs$on that is formalized irBickel et al.
(2009. In Section3, we show the convergence rate Qnfor p = 1,2 for both the Lasso and the Dantzig
selector under this condition for the purpose of completene

Assumption 1.1. (Restricted Eigenvalue assumptiorRE (s, ko, X) (Bickel et al., 2009) For some inte-
gerl < s < p and a positive numbek,, the following holds:

1 A . . [RIP
———————— = min min —— > 0. 1.6
K(s,ko, X)  J0C{i,...n}, v#0, Vvl (-6)
[Jo|<s HUJS lgko Vg,

1We note the authors have defined two such conditions, fortwiuishow are equivalent except on the constant defined within
each definition; see Propositiénl and Propositioi.2 in SectionA.3 for details.



Definition 1.1. Throughout this paper, we say that a vectoe R? is admissible tq1.6) , or equivalently
to (1.12), for a givenky > 0 as defined therein, i # 0 and for someJy € {1,...,p} such that Jy| < s,
it holds that||vse ||, < ko llull;. Now it is clear that ifu is admissible tq1.6) , or equivalently tq1.12),
(1.5) holds (cf. Propositiori.4).

If RE(s, ko, X) is satisfied withky, > 1, then the square submatrices of siz€s of XTX/n are necessarily
positive definite (se&ickel et al.(2009). We note the “universality” of this condition as it is nailbred to
any particular sefly. We also note that given such a universality condition, gufficient to check if for all
v # 0 that is admissible tol(6) and for K (s, ko, X') > 0, the following inequality

[Xvlly o Mozl
\/ﬁ - K(S,kg,X)

holds, whereT;, corresponds to locations of thdargest coefficients of in absolute values, a4 () is both
necessary and also sufficient to guarantee théj biolds; See Propositioh.4 for details.

> 0 (1.7)

A special class of design matrices that satisfy the RE cimmdére the random design matrices. This is
shown in a large body of work in the high dimensional settfogexample Candes et a/2006 Candes and Tgo
2005 2007 Baraniuk et al.2008§ Mendelson et a)2008 Adamczak et a).2009, which shows that a uni-
form uncertainty principle (UUP, a condition that is strenthan the RE condition, séackel et al.(2009)
holds for “generic” or random design matrices for very dfigaint values of; roughly speaking, UUP holds
when the2s-restricted isometry constaf4, is small, which we now define. Letr, whereT C {1,...,p}

be then x |T'| submatrix obtained by extracting columnsXfindexed byT'.

Definition 1.2. (Candes and Tg2005 For each integes = 1,2, .. ., thes-restricted isometry constast,
of X is the smallest quantity such that

(1= 65) llellz < | Xrelly /n < (1+65) [lell3, (1.8)

forall T c {1,...,p} with |T'| < s and coefficients sequencgs);cr.

It is well known that for a random matrix the UUP holds for= O(n/log(p/n)) with i.i.d. Gaussian
random variables (that is, Gaussian random ensemble cstibjeormalizations of columns), the Bernoulli,
and in general the subgaussian ensembiess(niuk et al.2008§ Mendelson et 22008 (cf. Theoren.5).
Recently, itis shownfdamczak et a) 2009 that UUP holds fos = O(n/ log?(p/n)) whenX is a random
matrix composed of columns that are independent isotrogitovs with log-concave densities. Hence this
setup only require® (log(p/n)) or ©(log*(p/n)) observations per nonzero valugdnwhere® hides a very
small constant, when is a nonnegligible fraction gb, in order to perform accurate statistical estimation;
we call this level of sparsity as the linear sparsity.

The main purpose of this paper is to extend the family of ramdeatrices from the i.i.d. subgaussian en-
semble¥ (cf. (1.10), which are now well known to satisfy the UUP condition arehbe the RE condition
under linear sparsity, to a larger family of random matriggés= ¥X'/2, whereX. is assumed to behave
sufficiently nicelyin the sense that it satisfies certain restricted eigenvadnéitions to be defined in Sec-
tion 1.1 Thus we have explicitly introduced the additional covaci structure: to the columns ofl in
generatingX. In Theoreml.6, we show thatX satisfies the RE condition with overwhelming probability



once we have: > C'slog(cp/s), wherec is an absolute constant attldepends on the restricted eigenval-
ues ofx (cf. (1.19), whenX satisfies the restricted eigenvalue assumption to be spebaifiSectiorl.1 We
believe such results can be extended to other cases: fopéxawhenX is the composition of a random
Fourier ensemble, or randomly sampled rows of orthonormetkrioes, see for exampleandes and Tao
(2006 2007).

Finally, we show rate of convergence results for the Lassbtha Dantzig selector given such random
matrices. Although such results are almost entirely knowe,provide a complete analysis for a self-
contained presentation. Given these rates of convergarficeTheorem3.1 and Theoren8.2), one can
exploit thresholding algorithms to adjust the bias and @kbf excessive variables selected by an initial
estimator relying orf; regularized minimization functions, for example, the laassthe Dantzig selector;
under the UUP or the RE type of conditions, such proceduresiawn to select a sparse model, which
contains the set of variables n that are significant in their absolute values; in additione @an then
conduct an ordinary least squares regression on such a&spadel to obtain a final estimator, whose bias
is significantly reduced compared to the initial estimat@ach algorithms are proposed and analyzed in a
series of papers, for examplandées and Ta(2007); Meinshausen and Y(2009; Wasserman and Roeder
(2009; Zhou (2009.

1.1 Restricted eigenvalue assumption for a random design

We will define the family of random matrices that we conside the restricted eigenvalue assumption that
we impose on such a random design. We need some more deBnition

Definition 1.3. LetY be a random vector ifk?; Y is called isotropic if for everyy € R?, E| (Y, y) |* =
y||3, and isy, with a constant if for everyy € R?,

1{Y.y) lly, = inf{t:Eexp((Y,y) ?/t*) <2} < allyl,. (1.9)
The important examples of isotropic, subgaussian vectertha Gaussian random veclor= (h1, ..., hy,)
whereh;, Vi are independend (0, 1) random variables, and the random vector= (ey,...,¢,) where

¢, Vi are independent, symmetriel Bernoulli random variables.

A subgaussian ay» operator is a random operatbr: R? — R™ of the form

i=1
whereeq, ..., e, are the canonical basis &* and¥,..., ¥, are independent copies of an isotrogic
vector¥, on RP. Note that throughout this papét,is represented by a random matdixwhose rows are
vq,...,¥,. Throughout this paper, we consider a random design mattixat is generated as follows:
X :=0xY2 where we assumg;; = 1,¥j =1,...,p, (1.11)
and V¥ is a random matrix whose rows,, . .., ¥,, are independent copies of an isotrogig vector ¥ on

RP as in Definition1.3. For a random desigX as in (L.11), we make the following assumption an

4



A slightly stronger condition has been originally definedZimou et al.(2009) in the context of Gaussian
graphical modeling.
Assumption 1.2. Restricted eigenvalue conditiolRE (s, ko, ). SupposeZ;; = 1,Vj = 1,...,p, and
for some integet < s < p and a positive numbét, the following condition holds,
L | =20,
K(‘S?kU?E) - JOQI{IE-I}-,?}, I“r;lgl HUJOHQ

‘J0|’§S HUJS 1Sk’0HUJ0H1

> 0. (1.12)

We note that similar to the case in Assumptibd, it is sufficient to check if for» £ 0 that is admissible
to (1.12 and for K (s, ko, X2) > 0, that the following inequality
[

HEl/QUHQ = K(s, kO,QE) -0 (1.13)
holds, wherél, corresponds to locations of tkdargest coefficients of in absolute values. Formally, we
have
Proposition 1.4. Let1 < s < p/2 be an integer andy > 0. Suppose # 0 is admissible tq1.12), or
equivalently t(1.6) , in the sense of Definitioh.1; then

< ko |6z ly ; (1.14)

H5T5 1

Hence(1.13 is both necessary and sufficient to guarantee that2) holds. Similarly(1.7) is a necessary
and sufficient condition fofl.6) to hold. Moreover, suppose thatsatisfies Assumptiah?2, then foré that
is admissible tq1.12), we have

ool
21/25H o _Moxlly
H 2~ K(s,ko,X)
We now define
Pmin(m) = min HEI/Qt‘ , (1.15)
Itlp=1 2
| supp(t)|<m
pmax(m) =  max Hzl/%‘ : (1.16)
Itlp=1 2
| supp(t)|<m

where we assume tht pmax (m) is a constant fom < p/2. If RE(s, ko, X)) is satisfied withky > 1, then
the square submatrices of sige2s of 3 are necessarily positive definite (seekel et al.(2009); hence
throughout this paper, we also assume that

pmin(25) > 0. (1.17)

Note that whenV is a Gaussian random matrix with i.i.dv (0, 1) random variablesX as in (L.11) cor-
responds to a random matrix with independent rows, suchetit row is a random vector that follows a
multivariate normal distributioV (0, X):

X hasi.i.d. rows~ N(0,), where we assumg;; = 1,Vj =1,...,p. (1.18)

Finally, we need the following notation. For a $étC R?, we let convV denote the convex hull df . For
a finite setY’, the cardinality is denoted by’|. Let BY and SP~! be the unit Euclidean ball and the unit
sphere respectively.



1.2 The main theorem

Throughout this section, we assume thagatisfies {.12) and (.16) for m = s. We assumé, > 0 and it
is understood to be the same quantity throughout our digzusiset us define

C' = 3(2 + ko) K (5, ko, £)v/Dmmax(5), (1.19)

whereky > 0 is understood to be the same as In2(). Our main result in Theorerh.6 roughly says
that for a random matri¥ := ¥X!/2, which is the product of a random subgaussian ensefitdad a
fixed positive semi-definite matrix'/2, the RE condition will be satisfied with overwhelming proliia
givenn that is sufficiently large (cf.1(.21)). Before introducing the theorem formally, we define thassl
of vectorsEy, for a particular integet < s < p/2, that are relevant to the RE Assumptibri and1.2. For
any given subsefy C {1,...,p} such that.Jy| < s, we consider the set of vectofsuch that

H5J8 1

< ko [1d.16 14 (1.20)

holds for somek, > 0, subject to a normalization condition such thadt' 25 € SP—1; we then define the
set £/ as unions of all vectors that satisfy the cone constrainng4.20 with respect to any index set
Jo € {1,...,p} such that.Jy| < s;

E = {5 : H21/25H2 = 1s.t.3JyC{1,...,p} s.t. |Jo] < sand (.20 holds} .

We now define a even broader set: dgf be the subvector of confined to the locations of its largest
coefficients:

E, = {5 : Hzl/%s”z — Vst ||5r, < ko lI5ml, holds,}

Remark 1.5. It is clear from Propositiorl.4that £/ C F for the samé: > 0.

Theoreml.6is the main contribution of this paper.
Theorem 1.6.Setl < n < p,0 < 0 < 1,ands < p/2. Let ¥, be an isotropicy, random vector on

RP with constantx as in Definitionl.3and ¥+, ..., ¥, be independent copies @f,. Let¥ be a random
matrix in R”*? whose rows aray, ..., ¥,. LetY satisfy(1.12) and (1.16). If n satisfies forC as defined
in(1.19
dat —
n > gz nax (C’ slog(bep/s), Qlogp) ) (1.22)

then with probability at least — 2 exp(—éf?n/a*), we have for al € E,,

w72
1-60 < T§1+9, and (1.22)
\I/ .
Vpi, 1-6 < ” \/p%"? < 1+0, (1.23)
wherep,, . .., p, are column vectors o£'/2, and¢/, ¢ > 0 are absolute constants.
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We now state some immediate consequences of Thetir&nConsider the random desighi = ¥x1/2
as defined in Theorerh.6. It is clear when all columns oK have an Euclidean norm close {6n, as
guaranteed byl(23 for 0 < # < 1 that is small, it makes sense to discuss the RE conditiongridim
of (1.6). We now define the following everR on a random desigiX’, which provides an upper bound on
K (s, ko, X) for a givenky > 0, whenX satisfies AssumptioRE (s, ko, X):

. K by
R(0) := {X : RE(s, ko, X) holds with 0 < K (s, kg, X) < ((ISLOG’)} (1.24)
Under Assumptiori..2, we consider the set of vectors= %'/25, whered # 0 is admissible to1.12), and
show a uniform bound on the concentration of each individaiatiom variable of the forrﬂﬂ“uug = HX&H%
around its mean. By Propositian4, we havel|ul|, = [|%!/25]|, > 0. We can now apply(22) to each
(6/]|£'/26]|,) # 0, which belongs td=, and hencer, (see Remark.5), and conclude that

X015
N

hold for all§ # 0 that is admissible tal(12), with probability at least — 2 exp(—c#?n/a*). Now the lower
bound in (.25 implies that

o<(1—9)H21/25H2 < < (1+0)H21/25H2 (1.25)

X3,
2>

whereT is the locations of largest coefficients ©ofn absolute values. Hencé.g3 and eventk () hold
simultaneously, with probability at least- 2 exp(—c6?n/a*), given (.13 and Propositiori.4, so long as
n satisfies {.21).

Remark 1.7. It is clear that this result generalizes the notion of rested isometry property (RIP) intro-
duced inCancks and Taq20059. In particular, whenX = I and ¢ is s-sparse,(1.8) holds for X with
0s = 0, given(1.25.

o |
_ 1/2 S (1 167, [
1 e)Hz 5”2 > (=05 2 5> 0 (1.26)

2 Proof Theorem1.6

In this section, we first state a definition and then two lemim&section2.1, from which we show the proof
of Theorem1.6in Section2.2. We shall identify the basis with the canonical bagis, es, ..., e, } of R?,
wheree; = {0,...,0,1,0,...,0}, and itis to be understood thaeppears in théth position and) appears
elsewhere.

Definition 2.1. For a subsell” c R?, we let

p
£.(V)=Esup|» giti (2.1)
tev |
wheret = (t;)}_, € R andgy, ..., g, are independeniV (0, 1) Gaussian random variables.



2.1 The complexity measures

The subsefr that is relevant to our result is a subset of the sph#te! such that the linear function
»1/2. B, — RP mapss € E, onto:

T = XV%E,) ={veRP:v=x25for somes € E,}. (2.2)

We now show a bound on functional 6f(Y'), for which we crucially exploit the cone property of vectors
E, the RE condition orX, and the bound gf,,.<(s). Lemma2.2is one of the main technical contributions
of this paper.

Lemma 2.2. (Complexity of a subset af?~!) LetY. satisfy(1.12) and(1.16). Lethy, ..., h, be independent
N(0,1) random variables. Let < s < p/2 be an integer. Then

p

0.(T) = E 8161};
y

=E sup | (h,212%65) ‘ < Cy/slog(ep/s) (2.3)

hiy;
1 0EF,

i—
whereC is defined in(1.19 andc = 5e.

Remark 2.3. We will also show in our fundamental proof for the zero-meau$sian random ensemble
with covariance matrix bein, where such complexity measure is used exactly in Sdotidinere we also
give explicit constants.

Now let=1/2 := (p;;) andpi, ..., p, denote its column vectors. By definition af = (%/2)2, it holds
thathng = 5;?:1 p?j =Y; =1,foralli =1,...,p. Thus we have the following.

Lemma 2.4. Let® = {pi,...,p,} be the subset of vectors #¥~! that correspond to columns &f'/2. It
holds that/,(®) < 3y/log p.

2.2 Proof of Theoreml1.6

The key idea to prove Theorein6is to apply the powerful Theoreth5as shown iriviendelson et a(2007,

2009 (Corollary 2.7, Theorem 2.1 respectively) to the subiSetf the spheres?—!, as defined in4.2). As
explained inViendelson et al(2009, in the context of Theorerf.5, the functionall,.(Y) is the complexity
measure of the séf, which measures the extent in which probabilistic boundtherconcentration of each
individual random variable of the fordﬂ“v”% around its mean can be combined to form a bound that holds
uniformly for allv € Y.

Theorem 2.5. (Mendelson et a).2007, 2008 Setl < n < pand0 < 6 < 1. Let¥ be an isotropicy,
random vector oR? with constantoa, and ¥+, ..., ¥, be independent copies &f. LetI' be as defined

in (1.10 and letV c SP~L. If n satisfies

Then with probability at least — exp(—cf?n/a*), for all v € V, we have
1—0 < Do, /va < 146, (2.5)

wherec, ¢ > 0 are absolute constants.



It is clear that {.22) follows immediately from Theorerd.5 by havingl” = T, given Lemma2.2. In fact,
we can now finish proving Theoret6 by applying Theoren®.5 twice, by havingl” = YT andV = &
respectively: the lower bound enis obtained by applying the upper bounds/oil') as given in Lemma.2
and on/,(®) as in Lemma2.4. We then apply the union bound to bound the probability oftthe events
when @.5) does not hold for some € T or somev € ® respectively. O

3 ¢, convergence for the Lasso and the Dantzig selector

Throughout this section, we assume that 6 < 1, andc,¢ > 0 are absolute constants. Conditioned on
the random design as if.(L1) satisfying properties as guaranteed in Theolefnwe proceed to treaX as

a deterministic design, for which both the RE condition ascdeed in (.24) and conditionF(6) defined

as below hold,

. ||XjH2
FO)=<X:Vji=1,....p, 1 -0 < —==<1+6,, 3.1
(0) { j p N + 3.1)
where Xy, ..., X, are the column vectors of: Formally, we consider the séf > X of random designs

that satisfy both conditio®R (¢) and F(#), for some0 < 6 < 1. By Theoreml.6, we have fom satisfy the
lower bound in {.21),

P(X) :=P(R(0) N F(0)) > 1 — 2exp(—ct°n/a’).

It is clear that onX, Assumptionl.2 holds forX. We now bound the correlation between the noise and
covariates ofX for X € X', where we also define a constant, , which is used throughout the rest of this
paper. For each > 0, for X € F(0), let

XT
n

where), ., = 0v/1 + ay/(2logp)/n, wherea > 0; we have (cf. Propositiof.1)

< (14 0)Asap, Where X € F(0), for0 < 60 < 1}, (3.2)

P(7,) > 1— (\/mlogpp™)~; (3.3)

In fact, for such a bound to hold, we only nelé)é\/’%ﬁ <1+ 6,Vj to hold in F(#). We note that constants
in the theorems are not optimized.
Theorem 3.1. (Estimation for the Lasso)Setl <n < p,0 < 6 < 1,anda > 0. Lets < p/2. Consider
the linear model in {.1) with random design¥ := ¥x'/2 whereV,,, is a subgaussian random matrix
as defined in Theoreth 6. and X satisfies(1.12) and (1.16). LetB be an optimal solution to the Lasso as
in (1.2) with A, > 2(1 + 0)\,.4,,- SUppOse that satisfies forC as in(1.19),

C/Oz4

n > max (C*slog(5ep/s),91log p) . (3.4)

02

Then with probability atleast (X N 7,) > 1—2exp(—ch?n/at)—P (7), we have foB < 4K?2(s,3,%)/(1—
)2 andky = 3,

HB— ﬁH2 < 2BA,/5, and HB— ﬁHl < BAs. (3.5)



Theorem 3.2. (Estimation for the Dantzig selector)Setl <n < p,0 < 0 < 1, anda > 0. Lets < p/2.
Consider the linear model irL(1) with random desigX := Ux1/2, whereVv,, ., is a subgaussian random
matrix as defined in Theoreth6. and X satisfies(1.12 and (1.16). LetB be an optimal solution to the
Dantzig selector as il.3) where),, > (1 + 0))\,.4,. Suppose that satisfies forC as in(1.19),
dat
n >

g7 max (C_’2slog(5ep/s), 910gp) ) (3.6)

then with probability atleasP (X N 7,) > 1-2exp(—cf?n/a*)—P (7°), we have folB < 4K?%(s,1,%)/(1—
0)? andky = 1,

HB— ﬁHQ < 3BA\,\/5, and HB— ﬁHl < 2B,s. (3.7)

Proofs are given in Sectid@.
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A Some preliminary propositions

In this section, we first prove Propositidnd, in SectionA.1, which is used throughout the rest of the paper.
We then present a simple decomposition for vectoes E; and show some immediate implications, which
we shall need in the proofs for Lemr2a2, Theorem3.1and Theoren3.2.

A.1 Proof of Proposition1.4

For eaché that is admissible to1(12), there exists a subset of indicds C {1,...,p} such that both
[Jol < sand||de||, < ko0, hold. This immediately implies that (14) holds fork, > 0,

1 1611y = [10zully < (1611 = [1d 1y = H‘SJS

|65 1 < ko ll6gelly < ko (|07 [

due to the maximality of é1, ||, among all|[d 5, ||, for Jo € {1,...,p} such that.Jy| < s. This immediately
implies thatF’, C E.

We now show that 113 is a necessary and sufficient condition farl2 to hold; the same argument
applies to the RE conditions oki. Suppose .13 hold for§ # 0; we have for allJy € {1,...,p} such
that|J0\ <s andHéjg 1 < kg H5J0H1’

H5T(1H2 > H5J0H2
K(Sa kOa Z) N K(Sa kOa Z)

H21/25H2 > >0, (A1)
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where the last inequality is due to the fact thay, ||, > 0; Suppos€|d ||, = 0 otherwise; therﬂdjg L <
kollds,]l; = 0 would imply thaté = 0, which is a contradiction. Conversely, suppose thiat3) hold;
then (1.13 must also hold, given thd, satisfies {.14) with |7y| = s, anddg, # 0.

Finally, the “moreover” part holds given Assumptiar®, in view of (A.1). O

A.2 Decomposing a vector ink,

For eachy € E;, we decomposeé into a set of vectorsy,, o7, o7, ..., 1, such thatl corresponds to
locations of thes largest coefficients of in absolute values]; corresponds to locations of thelargest
coefficients oféT(;: in absolute valuesl, corresponds to locations of the nexargest coefficients QTTS in
absolute values, and so on. Hence we HEje= UszlTk, whereK > 1,|Ty| = s,Vk =1,..., K — 1,
and|Tx| < s. Now for eachy > 1, we have

1
Tillg = Tilloo = /2 Ti-11]1>
lomll, < Vsllon |l < 2 llom |

where vectot represents the largest entry in absolute value in the veamtdrhence

Ml

Yollordly < s 2(I0m Ml + 167y + 0wl + )
k>1
< sTV2(onlly + lorgll) = 572116, (A.2)
< 5P (ko + 1) 161, 1y < (Ko + 1) (16735 (A.3)
where for A.3), we have used the fact that for dlk E
0ze]l, < kollomlly (A.4)
holds. Indeed, fod such that £.4) holds, we have byA.2) and @A.3)
181, < ol + > _lorll, < lomlly+ s 218, (A.5)
j>1
< (ko +2) [I6n, ]l - (A.6)

A.3 On the equivalence of two RE conditions

To introduce the second RE assumptionthykel et al.(2009, we need some more notation. For an integer
ssuch thatl < s < p/2, avectorv € R? and a set of indicegy C {1,...,p} with |Jy| < s, denoted byJ;

the subset of 1, ..., p} corresponding to the largest in absolute value coordinatesuabutside of.J, and
definedJo, 2 Jo U J,.

Assumption A.1. Restricted eigenvalue assumptiolR E (s, s, ko, X) (Bickel et al, 2009. Consider a
fixed design. For some integér< s < p/2, and a positive numbéy, the following condition holds:

1 | X0l

——————— = min min — > 0. (A.7)
K(S,S,ko,X) Jo‘gJ{lk.,p}, v#£0, \/ﬁHUJOlHQ
0|SSs

<kollvss |
HU.]S (Skollvag Iy
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Assumption A.2. Restricted eigenvalue assumptioRE (s, s, kg, ) For some integel < s < p/2, and
a positive numbek;, the following condition holds:

1 : . =] -0 (A.8)
— Y .= min min . .
K(s,s,ko,X) JoC{1,....p}, v#0, HUJOIHQ
[Jo|<s HUJS 1§ko||vJ0H1

Proposition A.1. For some integell < s < p/2, and for the samé, > 0, the two sets of RE conditions
are equivalent up to a constagf2 factor of each other:

K(s,s,ko,X)

< K(s,ko,2) < K(s,s, ko, X);
7 < K(s, ko, X) < K(s,5,ko, %)

Similarly, we have
K(Sa S, kOa X)

V2

Proof. It is obvious that for the sami, > 0, (A.8) implies that the condition as in Definitioh2 holds
with

< K(s,ko, X) < K(s,s, ko, X).

K(Sv kOa E) < K(Sa S, kOa E)

Now, for the other direction, suppose thaf(s, ko, ) holds for for K (s, kg, >) > 0. Then for allv # 0
that is admissible tol(12), we have by Propositiof.4,

21/2 H > HUTOHQ 0 A.9
H Ul = K (s, ko,X) - (A.9)

whereT, corresponds to locations of theargest coefficients of in absolute values; Now for anyy C
{1,...,p} such that.Jy| < s, and||vse||, < ko [lvsll, holds, we have byi(12),

1/2 H > vl . A.10
H Uy 2 Kok 0 (A-10)

Now it is clear that/; C Ty U T1, and we have for alb = 0 that is admissible tol(12),
2 2 2
0 < [lvmllz = lvrlz + llvnll (A.11)
2 2
< HUJon + HUTOHQ (A.12)

2
< 2K2(s, ko, %) Hzl/%‘ g (A.13)

which immediately implies that for all £ 0 that is admissible tol(12),

[=12v]l, 1
>
||UJ01 ||2 \/iK(S, ko, Z)

> 0.

Thus we have thaRE(s, s, ko, ¥) condition holds withi (s, s, ko, ¥) < V2K (s, ko, ). The other set of
inequalities follow exactly the same line of arguments. O
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We now introduce the last assumption, for which we need sowre motation. For integers m such that
1 <s<p/2andm > s,s +m < p, avectord € RP and a set of indicedy C {1,...,p} with |Jy| < s,
denoted byJ,, the subset of1, ..., p} corresponding to the: largest in absolute value coordinatesdof
outside of.Jy and defined/y,, 2 Jo U Jp,.

Assumption A.3. Restricted eigenvalue assumptiolRE (s, m, ko, X) (Bickel et al, 2009. For some
integerl < s < p/2,m > s,s+m < p, and a positive numbeét, the following condition holds:

1 . . HXUHQ
———————————— := min min ——— > 0. A.14
K(s,m, k‘o,X) JoC{1,...,p}, v#0, \/ﬁHvJomHQ ( )
|Jol<s HUJg 1§k0H“ﬁAh

Proposition A.2. For some integet < s < p/2, m > s, s+m < p, and some positive numbkg, we have

K ko, X
M S K<87 k07X) S K<87m7 k07X)'
V2 + kS
Proof. Itis clear thatK (s, ko, X) < K(s,m, kg, X) form > s. Now suppose thaRE (s, ky, X) holds, we
continue from A.10). We devideJ,, into Jy, Js, .. ., such that such thaf, corresponds to locations of the
s largest coefficients af ;¢ in absolute values/, corresponds to locations of the nextargest coefficients

of ve in absolute values, and so on. We first on\m}gl ; following essentially the same argument as
in Candes and Ta(2007): observe that théth largest value of ;- obeys

Wit

v e [vss

Thus we have fod that is admissible taX.14),

s S llosly D2 18 <57 oy

j=s+1
— 2 2
sTHRG [uaollT < kS llogoll3 -

2
1

v,

IN

Itis clear thatl|.J1 ||, < ||To]l,, and

IN

2 2 2 2 2
0 < lvsllz < lvs. 2 ool + 1ol + [|vag, [I;
2 2 2
losollz + ol + &8 ol
2 2
(L + &) o llz + llvn I3

(2 + k) K> (s, ko, X) | Xvll3,

A

IN N

which immediately implies that for all # 0 that is admissible toX.14),

[ xll, ! -
[Vsomlla — /2 + k2K (s, ko, X)
Thus we have thaRE(s, m, ko, X') condition holds withK (s, m, ko, X) < /2 + k3K (s, ko, X). O
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B Results on the complexity measures

In this section, in preparation for proving Lemma2 and Lemma2.4, we first state some well-known
definitions and some preliminary results on certain coniglareasures on a sét (SeeMendelson et al.
(2009 for example); we also provide a new result in Leminé.

Definition B.1. Given a subselt/ C R? and a numbee > 0, ane-netll of U with respect to the Euclidean
metric is a subset of points 6f such that:-balls centered afl coversU:

UcC U (z +eBY),
zell
whereA + B := {a+b:a € A,b € B} is the Minkowski sum of the setsand B. The covering nhumber
N (U, e) is the smallest cardinality of annet ofU.

Now it is well-known that there exists an absolute constant 0 such that for every finite subsBt c B?,

L (convIl) = £, (IT) < ¢14/log |T1]. (B.1)

The main goal of the rest of this section is to provide a boumc wariation of the complexity measure
2.(V'), which we will denote with/, (V') throughout this paper, by essentially exploiting a boumdilar
to (B.1) (cf. LemmaB.6).

Given a sef” C RP, we need to also measufg(WW), whereW is the subspace d@? such that the linear
functionX/2 : V — RP carriest € V onto:

W :=3Y2(V) = {w € R? : w = £/t for somet € V}.
We denote this new measure wEt’(V). Formally,

Definition B.2. For a subset” ¢ RP, we define

P

Z giti

i=1

(V) =L, (2Y2(V)) == Esup | (t,2Y%h) | := Esup
eV teVv

(B.2)

wheret = (t;)_, € RP, andh = (h;)!_; € RP is a random vector with independent(0, 1) random
variables whileg = ©1/21 is a random vector with dependent Gaussian random variables

We prove a bound on this measure in Leminé after we present some existing results. The subsets that
we would like to apply 2.1) and @.2) are the sets consisting of sparse vectorsSiet! be the unit sphere
iNnRP, forl <m <p

Un = {z € SP~!: |supp(z)| < m} (B.3)

We shall also consider the analogous subset of the Euclioi@fn
Up = {x e BY:|supp(z)| < m} (B.4)

The setd/,,, andU,, are unions of the unit spheres, and unit balls, respectisafyported om:-dimensional
coordinate subspacesf. The following three lemmas are well-known and mostly staddSeé/endelson et al.
(2009 andLedoux and Talagran(L991) for example.
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Lemma B.3. (Mendelson et al(2008§ Lemma2.2))Givenm > 1 ande > 0. There exists aa coverll C
B3 of BY* with respect to the Euclidean metric such tiif C (1 —¢)~! convIl and|II| < (1 +2/e)™.
Similarly, there exists an cover of the spher8™ 1, II' ¢ S™~! such thatIl’| < (1 + 2/¢)™.

Lemma B.4. (Mendelson et al(2008 Lemma 2.3)}or every0 < ¢ < 1/2 and everyl < m < p, there is
asetll C Bg which is ane cover ofﬁm, such that

~ 5\
Un C 2convIl, where [II] < (—) <p> (B.5)
2e m

Moreover, there exists ancoverIl’ ¢ SP~! of U,, with cardinality at most(2)"™ (?).

m

Proof. Consider all subset C {1,...,p} with |T| = m, it is clear that the required sets Ih and I’
in LemmaB.4 can be obtained by unions of corresponding sets supportéldeotoordinates fron'. By
LemmaB.3, the cardinalities of these sets are at nm{6ges)™ (7). O

Lemma B.5. (Ledoux and Talagrand 991) Let X = (Xy,..., Xx) be Gaussian ifiR?. Then
E max |X;| <3y/log N max /EX?.
i=1,..,N i=1,..,N

We now prove the key lemma that we need for Lenitna The main point of the proof follows the idea
from Mendelson et al(2009: if U,, C 2convIl,, for II,, C B} and there is a reasonable control of the
cardinality ofIL,,, andpmax(m) on'$, thens, (V) is bounded from above.

Lemma B.6. LetII,, be al/2-cover ofU,, provided by Lemm&.4. Then forl < m < p/2 andc = 5e, it
holds that forV = U,,,

0,(Un) < fy(2convIl,,) = 2/,(IL,,) where (B.6)
C(My) < 3y/mlogc(p/m)/ pmax(m). (B.7)

Proof. The first inequality follows from the definition @f and the fact that
V=U, C Uy, C 2convIl,.
The second equality irB(6) holds due to convexity which guarantees that

sup ’ (y,%'2h) ’ = sup ’ (y,2Y2h) ‘ and hence
yeconv I, y€elly,

(,(2convIl,,) = 20,(convil,) = 20,(Il,).
Thus we have for = 5e

Z*(convﬂm) le(Hm) = E sup ‘ (t,21/2h> ‘
€T,

IN

3+/log |11,,,| sup \/E’ (t,%1/2h) ‘2
telly,

< 3y/mlog(5ep/m) sup HEl/QtH
tell,, 2
< 3y/mloge(p/m)y/ pmax(m)
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where we have used Lemnia5, (B.5) and the bound?) < (2£)™, which is valid form < p/2, and the
factthatE | (¢, 5Y2h) | = B| (b, SV/2t) |* = ||£1/2¢][2. 0

B.1 Proof of LemmaZ2.2

Itis clear that for ally € T, y = 1/25 for somed € E,, hence all equalities i2(3) hold. We hence focus
on bounding the last term. For eaglke E;, we decomposé into a set of vectorsy,, dr,, o7y, ...,07, as
in SectionA.2.

By Propositionl.4, we have|dye

1 < k?(] H‘SToHl'

For each index sef’ C {1,...,p}, we letdr represent it§)-extended version’ in R, such that/.. = 0

anddy. = d7. Fordr = 0, it is understood thaﬁ‘sL := 0 below. Thus we have for all in £, and all
h e RP i
e )

[(h,3Y26) | = (RT3, + Y (R 220 ) )
k>1
< | (hm2om ) [+ 30| (b2 20n ) |
k>1
or,
< 0 50) |+ X 1ol | (e 2o |
kZl Tk 2
< ol | (e 5420y [+ 3 oy sup | (,577h) |
H(ST()HQ teUs
k>1
<

(5T02 +) 5Tk2> tseug‘ (t,512h) ‘

k>1
< (ko +2)K(s, ko, ) sup | (h,X'/t)
teUs

where we have used the following bounds h9) and 8.10): By Assumptionl.2 and by construction of
its corresponding set®), 71, . . ., we have for alb € FE,

: (B.8)

orll; < K(s,ko, B)||=726) = K(s,ko, %) (8.9)

S lonlly, < (ko+ D) lIonlly < (ko + DE (s, ko, %), (B.10)
k>1

where we used the bound iA.Q). Thus we have byR.8) and LemmaB.6

E sup | (h,x125) ‘ < (24 ko)K(s, ko, X)E sup | (h,X'%¢t) ‘
6€FEs teUs
< (2+ ko) K (s, ko, 2)0,(Uy)
< 32+ k‘o)K(s,kO,Z)\/s log(cp/s)\/pmax(s)

C'/slog(cp/s)
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by LemmaB.6, whereC is as defined ini.19 andc = 5e. This proves Lemma.2. O

B.2 Proof of LemmaZ2.4

Lethy,...,h, be independendv (0, 1) Gaussian random variables. We have by Lemha)(

7 RSy 2 I

2
P

L (P) = E max prh <3\/logp max E(Zpijhj)
i=1

)
- logp _max Z(pij)th?

IR}

j=1
= 3\/10gp.rr11ax VvV Xii = 3+/logp,
t=1,...,p
where we used the fact that; = 1 for all i ando(h;) = 1, V. O

C Proofs for Theorems in Section3

Throughout this section, ldt > ¢ > 0. Proving both Theorer3.1 and Theoren8.2involves first showing
that the optimal solutions to both the Lasso and the Dandd&rtor satisfy the cone constraint asindj for

I = suppp, for somek, > 0. Indeed, it holds that, = 1 for the Dantzig selector wheky, > (1+60)\s 4 p,
andky = 3 for the Lasso when\,, > 2(1 + 0)\, ., (cf. LemmaC.2and C.14). These have been
shown before, for example, iaickel et al.(2009 and inCandes and Ta(2007). We included proofs for
(LemmacC.2and (C.14) for completeness. We then state two propositions for th&sh estimator and the
Dantzig selector respectively undgy, wherea > 0 and1 > 6 > 0. We first bound the probability oR°.

C.1 Bounding7y;

Lemma C.1. For fixed designX with max; || X;|l2 < (1 4 0)y/n, where0 < 6 < 1, we have forZ, as
defined in(3.2), wherea > 0, P (7,) < (v/7log pp®)~!

Proof. Define random variablest; = 1 377 | ¢, X; ;. Note thatmax;<;<, |Yj| = || X7 ¢/n|~. We have
E(Y;) = 0 andVar ((Y;)) = ||X;|30%/n®> < (1+ 0)a?/n. Letcy = 1 + 0. Obviously,Y; has its tail
probability dominated by that of ~ N (0, 6302 B

P(Y;| >t) <P(|Z| >t) <

e ()
27mt 202

17



We can now apply the union bound to obtain:

2
coo —nt
P max |Y;| >t < p—ex
<1§j§p| il = ) = Pt p<20302>
nt? t

NZZD >>
= — (== +1 ] :
P ( <20(2302 o8 V2cyo osp
By choosingt = cyov/1 + ay/2log p/n, the right-hand side is bounded byrlogpp®)~! fora > 0. O

C.2 Proof of Theorem3.1

LetB be an optimal solution to the Lasso asinZ). S := supp/g. and

v = B - p.
We first show LemmaC.2, we then apply conditiomRE(s, kg, X) on v with kg = 3 underZ, to show
PropositionC.3. Theorem3.1follows immediately from Proposition.3).

Lemma C.2. Bickel et al.(2009 Under condition?7, as defined in(3.2),
2(1 + 6) Ay, for the Lasso.

vge|l; < 3|vslly for A, >

Proof. By the optimality ofﬁ, we have

. 1 21
A —A H > —HY—X H — Y - x|
w8l =2 |8, = 5 B|, = 3 6115
1 vl XTe
> 2—||XUH%—
n

Hence under conditioff, as in 8.2), we have for\,, > 2(1 + 0) Ay q.p,

2 ~ XTe
lxol3 /< 20181, =22 B +2| =S| Il
< (2081 = 2|3+ il (C1)

where by the triangle inequality, arit. = 0, we have
0 <2018l -2 ||, +llell,

21185l 2 |Bs, = 2lvselly + llosl + llosell
3 sl = flvsell (€2)

Thus LemmaC.2 holds. O

IN

We now show Propositiof.3, where except for thé,-convergence rate as i€ (5), all bounds have essen-
tially been shown irBickel et al.(2009 (as Theorem 7.2) under Assumpti®¥ (s, 3, X); The bound on
|lv|l5, which as far as the author is aware of, is new; however, gsslt is indeed also implied by Theo-
rem 7.2 inBickel et al.(2009 given PropositiorA.1 as derived in this paper. We note that the same remark
holds for PropositiorC.5; seeBickel et al.(2009 Theorem 7.1).
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Proposition C.3. (¢,-loss for the Lass) Suppose thaRE (s, 3, X) holds. LetY = X + ¢, for e being
iid. N(0,0%) and||X;[, < (14 6)y/n. Let3 be an optimal solution t¢1.2) with A, > 2(1 + 6)A,.q,
wherea > 0. Letv = 3 — 3. Then on conditior?,, as in(3.2), the following hold forBy = 4K?(s, 3, X)

lusll, < BoAns, (C.3)
[oll, < BoAns, where [luse||, < 3lvsll, (C.4)
and |Jvlly < 2BoA,s. (C.5)

Proof. The first part of this proof follows that dfickel et al.(2009. Now under conditiorZ,, by (C.1)
and C.2),

2
[ Xvlly /1 + A flolly An Bllvslly = llvselly + l[vslly + [lvsell1)

An [Joslly < 4Anv/s Juslly (C.6)
< AAsK(s,3,X) [ Xoully /v (C.7)
< 4K%(s5,3, X)A\2s + || X 0|3 /n. (C.8)

where C.7) holds by definition ofRE(s, 3, X'); Thus we have by.8) that
lvslly < llvlly < 4K%(s,3, X)Ans, (C.9)
which implies that €.4) holds with By = 4K?(s,3, X). Now by RE(s, 3, X) and (C.6), we have
loslls < K2(s,3, X) [|X0l5 /n < K2(s,3, X)4A/s |[us]ly (C.10)
which immediately implies that3.3) holds.

Finally, we have byA.5), (C.9), (1.14 and theRE(s, 3, X') condition,

llly < loglly + s lvll,
< K(5,3,X) | Xvlly /v +4K2(s,3, X) A\ /5, (C.11)
< K(s,3,X)1/4\ lus|l, +4K2(s,3, X) A/, (C.12)
< 8AK?(5,3,X)/s. (C.13)

where in C.11), we crucially exploit the universality of the RE conditjom (C.12), we use the bound
in (C.6); and in C.13, we use C.9). O

C.3 Proof of Theorem3.2

Let B be an optimal solution to the Dantzig selector as idt@)( Let S := supp/s. and
v = B - p.

We first show LemmaC.4;, we then apply conditiomlRE(s, ko, X) to v with ky = 1 under7, to show
PropositionC.5. Theorem3.2follows from immediately from Propositior(5).
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Lemma C.4. (Cances and Taq2007)) Under conditionZ,, [[vse||; < ||vs|l; for A, > (14 0)As.qp, Where
a > 0and0 < 6 < 1 for the Dantzig selector.

Proof. Clearly the true vectof is feasible to {.3), as

1 1
H—XT(Y - Xﬁ)H = ‘ —XTe| < (140)Aoap < A,
n n

o0

o0

hence by the optimality q@

3], <18,
Hence it holds under far = 3 — [ that
181 = lloslly + losell, < 118+l = |3, <1181, (C.14)
and hence obeys the cone constraint as desired. O

Proposition C.5. (¢,,-loss for the Dantzig selectoy Suppose thaRE(s, 1, X) holds. Lety” = X 5+¢, fore
being i.i.d.N(0,0?) and||X;]||, < (1+6)\/n. Let3 be an optimal solution t1.3) with A, > (1+6)As.q p,
wherea > 0 and0 < @ < 1. Then on conditior?, as in(3.2), the following hold withB; = 4K?(s, 1, X)

luslly, < BidaVs, (C.15)
[vll; < 2B1Ans, where [lusel|; < [lus]|y (C.16)
and [jvlly, < 3BiA\,Vs. (C.17)

Remark C.6. See comments in front of PropositiGn3.

Proof of PropositionC.5.  Our proof follows that oBickel et al.(2009). Letﬁ as an optimal solution
to (1.9). Letv = 3 — g and let7, hold fora > 0 and0 < 6 < 1. By the constraint of1.3), we have

1 1 ~ 1
H—XTXU < H—XT(Y—Xﬁ)H +H—XTE < 2\,
n (0.) n (o] n 0.)
and hence by Lemm@.4, we have
TXTXx 1
el /n = S < SoxTx| ol < 20 ol
n n 0o
< A fluslly < 4havs [lusll, - (C.18)
We now apply conditiorRE (s, kg, X ) onv with ky = 1 to obtain
loslls < K2(s,1, X) [ Xol5 /n < K3(s,1, X)4A/5 sl (C.19)

which immediately implies that @.15 holds. Hence@.16) holds with B; = 4K?(s, 1, X) given (C.19
and

usell; < llusll; < 4K%(s,1, X)Ans. (C.20)
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Finally, we have byA.5), (C.20, (1.14) and theRE(s, 3, X) condition,

llly < lonlly + s~ vll,
< K(s,1,X) | Xvlly /v +8K2(s,1, X) A/, (C.21)
< K(s,1,X)\/4\ sy + 8K (s, 1, X)An /5, (C.22)
< 120, K%(s,1, X)\/s. (C.23)

where in C.21), we crucially exploit the universality of the RE conditicand in C.22), we use the bound
in (C.20 and C.18; and in .23, we use C.20 again. O

D A fundamental proof for the Gaussian random design

In this section, we state a theorem for the Gaussian randaigrgdefollowing a more fundamental proof
given by Raskutti et al (2009 (cf. Proposition 1). We apply their method and provide #tegg bound
on the sample size that is required in order forto satisfy the RE condition, wher& is composed of
independent rows with multivariate Gaussian vectors drilm N (0,3) as in1.18 We note that both
upper and lower bounds in Theordinl are obtained in a way that is quite similar to how the largest a
smallest singular values of a Gaussian random matrix arerwgopd lower bounded respectively; see for
exampleDavidson and Szare(@001). The improvement over results askutti et al(2009 comes from
the tighter bound o, (') as developed in Lemm&2. Formally, we have the following.

Theorem D.1. Setl < n < pand0 < 6§ < 1. Consider a random desigh’ as in(1.11), whereX¥
satisfieg(1.12 and (1.16). Suppose < p/2 and forC as in(1.19,

1 /- 2
n> (C\/s log(5ep/s) + \/leogp> (D.1)

for d > 0. Then we have with probability at leabt- 4/p?,
(1= -o(1)||="2] < X0l /va < (1+0) 5% (D-2)

holds for all§ # 0 that is admissible t¢1.12), that is,3 someJ; € {1,...,p} such that|.Jy| < s and
|07¢ |, < ko ll6ll,, whereko > 0.

Proof. We only provide a sketch here; seeskutti et al(2009 for details. Using the Slepian’s Lemma and
its extension bysordon (1985, the following inequalities have been derived fgskutti et al (2009 (cf.
Proof of Proposition 1 therein),

E inf | Xoll, > Elgl,—E sup | (h,"25) |,
IS écEs

Esup |X0]l, < va+Esup|(h5%) .
debs 0€Es
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whereg andh are random vectors with i.i.d Gaussian(0, 1) elements inR™ andRR? respectively. Now
LemmabD.2 follows immediately, after we plug in the bound as in Lem&iaon

£(0) =B sup (h,£Y/25) ‘

Lemma D.2. Supposet satisfies Assumptioh2. Then forC' as in TheorenD.1, we have

E(sinbf 1X6]l, > n—o(v/n)—Cy/slog(5ep/s) (D.3)

ELs

E sup || X6], < +n+Cy/slog(5ep/s). (D.4)
IS

We then apply the concentration of measure inequalityiftye . || X 6||,, for which it is well known that
the 1-Lipschitz condition holds foinfsc s, | X 6|, = infsep, ||AXY/25)|,, where A is a matrix with i.i.d.
standard normal random variablesRfi*P. Recall a functionf : X — Y is called1-Lipschitz condition if
forallz,y € X,

dy (f(x), f(y)) < dx(z,y).

Proposition D.3. View Gaussian random matrit as a canonical Gaussian vector R'?. Let f(A) :=
infscp, |AXY/26]|, and f'(A) = supscp, ||AS1/26]|, be two functions oft fromR™ to R. Thenf, f’ :
R"™ — R are 1-Lipschitz:

[/(A) = f(B)]
1'(A) = £1(B)]

1A= Bl
1A = Bll,

A= Bl

<
< [|[A=Bllp-

<
<

Finally we apply the concentration of measure in Gauss Sjoagktain fort > 0,

P(f(A) ~Ef(A) >1) < 2exp(—12/2), and (D.5)
P(f(A) —Ef (A >1) < 2exp(—12/2). (D.6)

Now it is clear that with probability at leagt— 4/p?, whered > 0, we have forX = AX!/2

o e e
élenbfs AX4S , f(A) > }Eélengs AX4S ) 2dlog p
> Vi —o(vn) — C\/slog(5ep/s) — /2d1og p,
which we denote as everft, and
sup HAEUQ(SH =: f'(A) < Esup HAZl/QéH ++/2dlogp
S€Es 2 SEES 2
< 4+ Cy/slog(5ep/s) + /2dlog p,
which we denote ag’. Now it is clear that[D.2) holds onF N F’, given ©O.1). O
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