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Abstract

Givenn noisy samples witlp dimensions, where < p, we show that the multi-step thresholding pro-
cedure based on the Lasso — we call it Teesholded Lassaan accurately estimate a sparse vector
B € RPin a linear modelY” = X + ¢, whereX,,«, is a design matrix normalized to have col-
umn/; normy/n, ande ~ N(0,021,,). We show that under the restricted eigenvalue (RE) comditio
(Bickel-Ritov-Tsybakov 09), it is possible to achieve thdoss within a logarithmic factor of the ideal
mean square error one would achieve withoaacle while selecting a sufficiently sparse model — hence
achievingsparse oracle inequalitieshe oracle would supply perfect information about whiclorch-
nates are non-zero and which are above the noise level. la sense, the Thresholded Lasso recovers
the choices that would have been made by#hpenalized least squares estimators, in that it selects a
sufficiently sparse model without sacrificing the accuraogstimatings and in predictingX . We also
show for the Gauss-Dantzig selector (Candées-Tao 0&),dbeys a uniform uncertainty principle and if
the true parameter is sufficiently sparse, one will achibeesparse oracle inequalities as above, while
allowing at mostsg irrelevant variables in the model in the worst case, whgre s is the smallest
integer such that foh = /2logp/n, >%_, min(87, \?0?) < spA?0?. Our simulation results on the
Thresholded Lasso match our theoretical analysis exdbllen

Keyword. Linear regression, Lasso, Gauss-Dantzig Seleétoregularization,/, penalty, multiple-step

procedure, ideal model selection, oracle inequalitiestrictéed orthonormality, statistical estimation, thresh
olding, linear sparsity, random matrices

1 Introduction

In a typical high dimensional setting, the number of vaeahl is much larger than the number of ob-
servationsn. This challenging setting appears in linear regressiamasirecovery, covariance selection

*A preliminary version of this paper with title: Thresholdi®rocedures for High Dimensional Variable Selection aradiSical
Estimation, has appeared in Proceedings of Advances indNEdormation Processing Systems 22, (NIPS 2009). Thisaneh
was supported by the Swiss National Science Foundation Skt 20PA21-120050/1.



in graphical modeling, and sparse approximations. In thisep we consider recovering € R? in the
following linear model:
Y = X8 +e, (1.1)

whereX is ann x p design matrixY is a vector of noisy observations aads the noise term. We assume
throughout this paper that > n (i.e. high-dimensional)e ~ N(0,021,), and the columns of are
normalized to haveé, norm /n. Given such a linear model, two key tasks are to identify #levant
set of variables and to estimatewith bounded/; loss. In particular, recovery of the sparsity pattern
S = supp(B) := {j : B; # 0}, also known as variable (model) selection, refers to thie tdorrectly
identifying the support set (or a subset of “significant” fficeents in3) based on the noisy observations.

Even in the noiseless case, recoverindor its support) from(X,Y’) seems impossible whem < p.
However, a line of recent research shows that wheis sparse: when it has a relatively small num-
ber of nonzero coefficients and when the design makids also sufficiently nice, it becomes possi-
ble Candes et al(2006; Candes and Ta@005 2006); Donoho (20069. One important stream of re-
search, which we also adopt here, requires computatiomaibfdity for the estimation methods, among
which the Lasso and the Dantzig selector are both well studied shown with provable nice statisti-
cal properties; see for exampteckel et al.(2009); Candes and Ta(2007); Greenshtein and Rito2004);
Meinshausen and Buhima2006); Meinshausen and Y{2009; Ravikumar et al(2009; van de Gee(20089);
Wainwright (20090); Zhao and Yu(2006). For a chosen penalization parametgr> 0, regularized esti-
mation with the/;-norm penalty, also known as the LassabEhirani 1996) or Basis Pursuit(then et al.
1999 refers to the following convex optimization problem

~ 1
- in—IY — X3lI2 + )\ 1.2
B = argmin oY — X+ A8l (1.2)

where the scaling factdr/(2n) is chosen by convenience; The Dantzig selectorr(des and Ta@007) is
defined as,

(DS) arg min
BeERP

BH subject to
1

%XT(Y _ XB)H < (1.3)

o0

Our goal in this work is to recove$ as accurately as possible: we wish to obﬁisuch that supp(B) \ S|
(and sometime$5 A supp(3)| also) is small, with high probability, while at the same tifhe — 3|2 is
bounded within logarithmic factor of the ideal mean squarereone would achieve with an oracle which
would supply perfect information about which coordinatesraon-zero and which are above the noise level
(hence achieving theracle inequalityas studied irCandes and Ta@007); Donoho and Johnstor(@994);

We deem the bound ofy-loss as a natural criteria for evaluating a sparse modehvithie not exactlysS.
Lets = |S|.

GivenT C {1,...,p}, let us defineX as then x |T'| submatrix obtained by extracting columns Xf
indexed byT'; similarly, let 37 € RI”l, be a subvector g € R? confined tol'. Formally, we propose and
study aMulti-step Procedure: First we obtain an initial estimatgs;,i; using the Lasso as irl(2) or the
Dantzig selector as inl(3), with \,, = do\/21log p/n, for some constant > 0.



1. We then threshold the estimafgy;; with ¢y, with the general goal such that, we get agawith car-
dinality at most2s; in general, we also hayé; US| < 2s, wherel; = {j € {1,...,p} : Bjinit > to}
for somet to be specified. Sat= I;.

2. We then feedY, X;) to either the Lasso estimator as ih4) or the ordinary least squares (OLS)
estimator to obtair, where we seB; = (X7 X;)~" ' XY andp. = 0.

3. Possibly thresholgff]1 with ¢; = 4\,,/|[1| to obtainls, and repeat stepwith I = I, to obtain@;
set other coordinates to zero and ret@rn

Our algorithm is constructive in that it relies neither oa tinknown parameteksand 3,in := minjeg |3/,

nor the exact knowledge of those that characterize the @reoice conditions of(; instead, our choice of
A, and thresholding parameters only depends an andp, and some crude estimation of certain param-
eters, which we will explain in later sections. In our expeeits, we apply only the first two steps with
the Lasso as an initial estimator, which we refer to asTtheesholded Lassestimator; the Gauss-Dantzig
selector is a two-step procedure with the Dantzig sele&gra Candes and Ta@007). We apply the third
step only whemns,,i, is sufficiently large, so as to get a very sparse mddel S (cf. Theoreml.1). We
now formally define some incoherence conditions in Sectidrand elaborate on our goals in Sectibg,
where we also outline the rest of this section.

1.1 Incoherence conditions

For a matrixA, let Ay, (A) and A, (A) denote the smallest and the largest eigenvalues respgctive
refer to a vector € RP with at mosts non-zero entries, where< p, as as-sparsevector. Occasionally, we
useSr € RITI, whereT C {1,...,p}, to also represent it&-extended versiop’ € R? such that?.. = 0
andg% = (r; for example in .10 below. We assume

2
[ Xl

v#0;2s—sparse 7, HU Hg

1>

Amin(25) > 0, (1.4)

wheren > 2s is necessary, as any submatrix with more thacolumns must be singular. In general, we
also assume that

2
= I1Xvl o, (1.5)

A 2
max(28) = B e 1 [

Candes and Ta(2005 define thes-restricted isometry constandt of X to be the smallest quantity such
that for all7" C {1,...,p} with |T'| < s and coefficients sequences;) <7, it holds that

(1= 65)llvll3 < 1X7oll3 /n < (1+65) [[oll3; (1.6)

The (s, s’)-restricted orthogonality constartt, . is the smallest quantity such that for all disjoint sets
T,7" C{1,...,p} of cardinality|T"| < sand|T"| < ¢/,

| (X7e, Xpid) |
n

< Oss ||C||2 HC/H2 (1.7)
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holds, wheres + s' < p. Note thatd; , andd, are non-decreasing i s’ and small values o, . indicate
that disjoint subsets covariates iy and X7 span nearly orthogonal subspaces (See Leramdor a
general bound 0f; ,/.) Fords, it holds thatl — 65 < Amin(s) < Amax(s) < 1+ d,. Hencedoy < 1implies
that condition {.4) holds. As a consequence of these definitions, for any subset have

Amax(u‘) > Amax (X?Xl/n) > Amin (X?Xl/n) > Amln(|I|) (18)

where Apin([I]) > Amin(2s) > 0 and Apax([I]) < Amax(2s) for [I| < 2s. We next introduce some
conditions on the design, namely, the Restricted EigervéRE) condition byBickel et al.(2009 and the
Uniform Uncertainly Principle by_andes and Ta(2007) which we use throughout this paper.
Assumption 1.1. (Restricted Eigenvalue ConditionRE (s, ko, X) (Bickel et al,, 2009) For some integer
1 < s < pand a numbeky > 0, it holds for allv # 0,

L o : [ Xl

- = min min T
K(s:ho) — soct o0 g <tollogll, VIO

> 0. (1.9)

Assumption 1.2. (A Uniform Uncertainly Principle) ( Candes and Taq 2007) For some integeil < s <
n/3, assumea, + 0 2, < 1, which implies that\ i, (2s) > 6, 25 given thatl — das < Apin(2s).

If RE(s, ko, X) is satisfied withky > 1, then (L.4) must hold; Bounds on prediction loss afydoss, where

1 < p < 2, for estimating the parameters are derived for both thed assl the Dantzig selector in both
linear and nonparametric regression models; Se&el et al. (2009. We now define oracle inequalities
in terms of/; loss as explored iandes and Ta(2007), where they show such inequalities hold for the
Dantzig selector under the UUP (cf. Propositibn).

1.2 Oracle inequalities

Consider the least squares estimatoys= (XTX)71XTy, where|I| < s. Consider thedeal least-
squares estimatgt®

3° = argmin EHﬁ—BIHz (1.10)
IC{1,..p}, |I|<s

which minimizes the expected mean squared error. It folloara Candes and Ta@007) that forApax(s) <
0

E 18— £°)3 > min (1,1/Amax(s) me o2 /n). (1.12)
Now we check if forA,,.x(s) < oo, it holds with high probability that
=R p
18-85 = O(logp)) min(57,0%/n), sothat (1.12)

13— 813 = O(logp) max(1, Amax(s))E | 8° - 53 (1.13)
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holds in view of (.11). These bounds are meaningful since

S 2 2 : 2 |[lo?
Do min(3,0%/m) = min 1~ BilF +
=1

Ig{lvvp

represents the squared bias and variance. Degfias the smallest integer such that

p
Zmin(ﬁ?, Mo?) < soA%0%, where A = y/2log p/n. (1.14)
i=1
A consequence of this definition i§3;| < Ao for all j > s, if we order|3;| > |G2]... > |B,| (cf. (4.7)).
We define a quantity, , ,, for eacha > 0, by which we bound the maximum correlation between the noise
and covariates ok, which we only apply taX with column/,; norm bounded by/n; For eachu > 0, let

T, = {e : HXTe/nHOO < Aoaps Wherer, ., = o1+ ay/2 logp/n}, (1.15)

we have (se€andes and Ta2007)) P (7,) > 1 — (/wlogpp®) L.

The main theme of our paper is to explore oracle inequaliti¢ise thresholding procedures under conditions
as described above. For the Lasso estimator and the Daeteiggar, under the sparsity constraint, such or-
acle results have been obtained in a line of recent work ftoeethe prediction error or thg, loss, where

1 < p < 2; see for exampl8ickel et al.(2009; Bunea et al(2007gb,c); Cai et al.(2009; Candes and Plan
(2009; Candes and Ta@007); Koltchinskii (2009gb); van de Geer and Buhlmaifg009); van de Geer et al.
(2010; van de Gee(2009; Zhang and Huan(2008; Zhang(2009 under conditions stated above, or other
variants.

Along this line, we prove new results for both the Lasso asnéial estimator and for the thresholded
estimators. In Sectioh.3and1.4, we show oracle results for the Thresholded Lasso and thes=aantzig
selector in terms of achieving tleparse oracle inequalitieghich we shall formally define in Sectidh4.
While the focus of the present paper is on variable selediwh oracle inequalities in terms 6§ loss,
prediction errors are also explicitly derived in SectioB; there we introduce the oracle inequalities in terms
of prediction error and show a natural interpretation ferfinresholded Lasso estimator when relating to the
/o penalized least squares estimators, in particular, oes#ve been studied By ster and Georgd 994);

see als@arron et al(1999; Birge and Massai(1997 2001) for subsequent developments. In Sectiof

we discuss recovery of a subset of strong signals.

1.3 Variable selection under the RE condition

Ouir first result in Theorem.1 shows that consistent variable selection is possible uideRE condition.
We do not impose any extra constraint©mesides what is allowed in order fdr.@) to hold. Note that when

s > n/2, itis impossible for the restricted eigenvalue assumpiidmold asX; for any I such that| = 2s
becomes singular in this case. Hence our algorithm is especelevant if one would like to estimate a
parameter3 such thats is very close ton; See Sectior? for such examples. Our analysis builds upon the
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rate of convergence bounds B derived inBickel et al.(2009. The first implication of this work and
also one of the motivations for analyzing the thresholdireihds is: under Assumptidnl, one can obtain
consistent variable selection for very significant values,df only a few extra variables are allowed to be
included in the estimatq@. Note that we did not optimize the lower bound ©as we focus on cases when
the supportS is large.
Theorem 1.1. Suppose thaR FE(s, ko, X) holds with K (s, kg), whereky, = 1 for the Dantzig selector
and = 3 for the Lasso. Supposk, > fA, ., for A\, ., as in(1.15, where f = 1 for the Dantzig
selector, and= 2 for the Lasso. Let > K%(s, ky). SUPPOS&min := minjes |B;| > Bid,/s, where
By = 4v2max(K (s, ko), 1) + max (4K (s, ko), vV2/ fAmin(25)). Then onZ,, the multi-step procedure
returns 3 such that forBs = (1 +a)(1 + 1/(16/2A2, (2s))),

S CI:=supp(3), where|I\ S| <1/(16f2A%;, (2s)) and

1B =815 < Noaplll/Ain(I1)) < Bs(2logp/n)so®/(Afyn(I1]))-

In Section?, our simulation results using the Thresholded Lasso shatntlie exact recovery rate of the sup-

port is very high for a few types of random matrices once thalmer of samples passes a certain threshold.

We note that the oracle inequality as in12) is also achieved given thaf,i, > o/v/n; hence > min(8?,0%/n) =
sa? /n. We next extenanodel selection consistenbgyond the notion of exact recovery of the support set

S as we introduced earlier, which has been considereéddemshausen and Buhlmar(2006); Wainwright

(20091); Zhao and YUW(2006); Instead of having to make strong assumptions on eithesitireal strength,

for example, on3,in, Or the incoherence conditions (or both), we focus on dejiminmeaningful criteria

for model selection consistenaghen both are relatively weak.

1.4 Thresholding that achieves sparse oracle inequalities

The natural question upon obtaining Theorérh is: is there a good thresholding rule that enables us to
obtain a sufficientlysparseestimator3 which satisfies theracle inequalityas in (L.12), when some com-
ponents of3s (and hences,,i,) are well belows/\/n? Theoreml.2 answers this question positively:
under a uniform uncertainty principle (UUP), thresholdofcan initial Dantzig selectofiyi; at the level of
C1+/2log p/no for some constant;, identifies a sparse modélof cardinality at mos®s, such that its
corresponding least-squares estimatdsased on the moddl achieves the oracle inequality as in12).
This is accomplished without any knowledge of the significaordinates or parameter valuesbfTheo-
rem1.3shows that exactly the same type of sparse oracle ineggalitld for the Thresholded Lasso under
the RE condition, which is both surprising but also mostlii@pated; this is also the key contribution of this
paper. For simplicity, we always aim to boupd < 2s, while achieving the oracle inequality as ih.{2);
One could aim to bounf| < ¢s( for some other constamt> 0. We refer to estimators that satisfy both
constraints as estimators that achievegparse oracle inequalitiesVioreover, we note that thresholding of
an initial estimator,ix which achieved, loss as in {.12) at the level of:;01/21og p/n for some constant
c1 > 0, will always select nearly the best subset of variables éngpirit of Theoreml.2 and1.3; Formal
statements of such results are omitted.



Theorem 1.2. (Variable selection under UUP)Chooser,a > 0 and set\, = A, 0, where), ;. :=

(VI+a+7171)/2logp/n, in (1.3). Supposes is s-sparse Withiys + 5 25 < 1 — 7. Let thresholdty be
chosen from the rang@’; A, -0, Cy ), -0 for some constant§’;, C to be defined. Then with probability
at leastl — (/7 log pp®) !, the Gauss-Dantzig selectgrselects a model := supp(3) such that we have

I < 2sg and [T\ S| <sy<s and (1.16)

p
18-85 < 203logp (02/n+ 3" min ?,a%)) (117)

IN

i=1

where(; is defined in(4.2) and C'3 depends om, 7, 02, 05 2s and Cy; see(4.3).

Theorem 1.3. (Ideal model selection for the Thresholded LassopupposeRE(sg,6,X) holds with

K (sp,6), and conditiong1.4) and(1.5) hold. LetSiyi; be an optimal solution tél.2) with \,, = dy+/2log p/no >
2Xs,0,p, Wherea > 0 anddy > 2y/1+ a. Suppose that we choosg = Cy)\o, for some constant
Cy > Dy, whereD; = Amax(s — 80) + 9K2(50,6)/2; setl = {] S {1, . ,p} : ﬁj,init > to}. Then

for D :={1,...,p}\ I andj; = (X7 X;)"XTY, we have or,:

‘I‘ < 80(1—|—D1/C4)<280, ‘IUS|§S—|—SO and

p
IB—Bl3 < 2D3logp(c?/n+ Y min(4,0%/n))
=1

where D3 depends om, K (sg,6), Do and Dy as in(5.2) and (5.3), Amin(]1]), 0s,25,, andCy; see(5.4).

Our analysis for Theorer.2 builds uponCandes and Ta(2007), which show that so long a8 is suffi-
ciently sparse the Dantzig selector as I3[ achieves the oracle inequality as ihX2). Note that allow-
ing to to be chosen from a range (as wide as one would like, with tlsé @oincreasing the constants

in (1.17)), saves us from having to estimatg, which indeed depends o, andd, »s. The same com-
ment applies to Theorerh.3for D3. Assumptionl.2 implies that Assumptiori.1 holds forky = 1 with
K(8,ko) = /Amin(28) / (Amin(25) —05.25) < \/Amin(25)/(1—025 — 05 25) (s€€Bickel et al.(2009). Fora
more comprehensive comparison between these conditiangefar tovan de Geer and Buhlmar(2009).
We note thatR (s, 6) is imposed onX with sparsityfixed ats, (rather thars) andk, = 6 in Theorenmb. L
Important consequences of this result is shown in SedtienT he termsparsity oracle inequalitiebas also
been used in the literature, which is targeted at boundiedigtion errors of the estimators with the best
sparse approximation of the regression function known bgranle; seeickel et al.(2009 and more ref-
erences therein. It would be interesting to explore sucpgnes for the Thresholded Lasso under the RE
conditions.

1.5 Connecting to the/, penalized least squares estimators

Now why is the bound of| < 2s interesting? We wish to point out that this would make theavedr
of the Thresholded Lasso procedure somehow mimic that of theenalized estimators, which is com-
putational inefficient, as we introduce next. It is clearttf@ the least squares estimator based/on



Br = (XTX,)"'xTY, it holds that

1XBr = XBI3 = 1Pr(XB + ) = X5 = |(Pr = 1d) X1 Bre + Pre|3 (1.18)
and hencel|| X 5; — X 3|13/n = ||(Pr — 1d) X e Bre||2 + | 1|02, (1.19)

which again shows the typical bias and variance tradeoffnstéier the best moddl, upon whichBI0 =
(X X1,) "' X] Y achieves the minimum irl(19:

Iy = argmin ||(P; —1d) X e Bre||y + |T]o?.
Now the question is: can one do nearly as Welﬁg,sin the sense of achieving mean square error within
log p factor of E|| X 3, — X 3]|3? It turns out that the answer is yes, if one solves the foligwii penalized
least squares estimator wity = /log p/n, as proposed in the RIC procedufe§ter and Georgd994):

B = argmin]ly - XB[3/(2n) + o8], (1.20)

where||5]|o is the number of nonzero componentsdinThis is shown in a series of papersbarron et al.

(1999; Birge and Massa(tL997, 2001); Foster and Georgd 994). We refer toBarron et al(1999; Foster and George
(1994 for other procedures related tb.20). Note that|Y — X 3|12 < 2|| X3 — X 3|12 + 2|l¢||2; hence we

only need to look at the tradeoff betwelX 3 — X 3||2 andlog p|I|. Note that|| X 3 — X 3|2 would be0

3 ) the thresholded estimators achieve a balance
between the “complexity” measuleg p|| and|| X 3 — X 3||2 which now have the same order of magnitude;

(b) and in some sense, variables in moflare essential in predicting 3.

Theorem 1.4. Let I be the model selected by thresholding an initial estimg@kgy, under conditions as
described in Theoreri.2 or Theorem1.3. LetD := {1,...,p} \ I. Letsy be as defined if1.14) and

A = /2log p/n. For B; = (XT X;)" 1 XTY and some constart, we have or,

HXﬁI\;ﬁXﬂHQ < V) I, + 22 < O,

Comparing (.20 and (L.2), it is clear that for entrieg; int < Moo in a Lasso estimator, their contributions
to the optimization function in1(20) will be larger than that inX.2) if \,, = A\go; hence removing these
entries from the initial estimator in some sense recovegsctivices that would have been made by the
complexity-based function as i1.@0. Put in another way, getting rid of variablg¢g : 5;int < Ao}
from the solution to 1.2) with \,, =< Ao is in some way restoring the behavior df.Z0) in a brute-
force manner. Propositioh.5 (by settingc’ = 1) shows that the number of variables fnat above and
around/log p/no in magnitude is bounded s, (One could choose another target set: for example,
{7 :168;] > V1ogp/(c'n)c}, for somed > 1/2.) Roughly speaking, we wish to include most of them by
leaving2sg variables in the model. Such connections will be made precise in our future work.

1.6 Controlling Type Il errors

In Section6 (cf. Theorem6.3), we show that we can recover a subSgtof variables accurately, where
St = {j : |Bj] > /2logp/nc}, under Assumptiorl.1whenfnin 5, = minjeg, |F;| is large enough
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(relative to thels loss of an initial estimator under the RE condition on the %€t in addition, a small
number of extra variables frofi,...,p} \ Tp =: T are possibly also included in the modelwhere
T, denotes positions of thg, largest coefficients off in absolute values. In this case, it is also possible
to get rid of variables fron¥§ entirely by increasing the thresholg while making the lower bound on
Bmin,s; @ constant times stronger. We omit such details from therpafence compared to Theorehl,
we have relaxed the restriction 6p,;,: rather than requiring all non-zero entries to be large, ahg equire
those in a subsei;, to be recovered to be large. In addition, we believe that aatyais can be extended
to cases whem is not exactly sparse, but has entries decaying like a paaverfor example, as studied
by Candes and Ta(2007); We end with Propositiod.5. For a set4, we use/A| to denote its cardinality.
Proposition 1.5. LetT, denote positions of the largest coefficients gf in absolute values. whekg is de-
fined in(1.14). Letap = |Sz| (cf. (6.1)). Thenvd > 1/2, we hav#{j eTS: |5 > \/WU}‘ <
(2(2/ — 1)(80 - a()).

1.7 Previous work

We briefly review related work in multi-step procedures amel tole of sparsity for high-dimensional sta-
tistical inference. Before this work, hard thresholdingdchas been shown inandes and Ta(2007) (via
Gauss-Dantzig selector) as a method to correct the biasahitial Dantzig selector. The empirical suc-
cess of the Gauss-Dantzig selector in terms of improvingthtistical accuracy is strongly evident in their
experimental results. Our theoretical analysis on theleraequalities, which hold for the Gauss-Dantzig
selector under a uniform uncertainty principle, builds mipleeir theoretical analysis of the initial Dantzig
selector under the same condition. For the Lasgonshausen and (2009 has also shown in theoretical
analysis that thresholding is effective in obtaining a step estimato,@ that is consistent in its support with
(£ when S, is sufficiently large; As pointed out byickel et al. (2009, a weakening of their condition is
still sufficient for Assumptiori.1to hold.

The sparse recovery problem under arbitrary noise is alistudied, see_andes et a(2006); Needell and Tropp
(2009; Needell and Vershyni(2009. Although as argued itandes et al(2006 andNeedell and Tropp
(2009, the best accuracy under arbitrary noise has essentedly bchieved in both work, their bounds are
worse than that itandes and Ta@007) (hence the present paper) under the stochastic noisecassisl in
the present paper; Moreover, greedy algorithmsdrdell and Trop2008); Needell and Vershyni(2009
requires to be part of the input, while algorithms in the present pajgenot have such a requirement, and
hence adapt to the unknown level of sparsity well. A more garfeamework on multi-step variable se-
lection was studied byVasserman and Roed@009. They control the probability of false positives at the
price of false negatives, similar to what we aim for hereirthaalysis is constrained to the case whda

a constant. Recently, another two-stage procedure thigdselevant has been proposedZinang (2009,
where in the second stage “selective penalization” is bajnglied to the set ofrelevant featureswvhich

are defined as those below a certain threshold in the iniagkh estimator; Incoherence conditions there
are sufficiently different from the RE condition as we studythis paper for the Thresholded Lasso. Un-
der conditions similar to Theoreh1, Zhou et al.(2009 requiress = O(y/n/logp) in order to achieve
variable selection consistency using the adaptive Lassa, 2006 (see alsdluang et al(2009), as the



second step procedure. Concurrent with the present waglguthors have revisited the adaptive Lasso and
derived bounds in terms of prediction erram de Geer et a(2010); there the number of false positives is
also aimed at being in the same order as that of the ssgoificantvariables which predictX 5 well; in
addition, the adaptive Lasso method is compared with tlitdsig methods, under a stronger incoherence
condition than the RE condition studied in the present pajdé¢hile the focus of the present paper is on
variable selection and oracle inequalities for théoss, prediction errors of the OLS estimat@rare also
explicitly derived; We also compare the performance in teohvariable selections between the adaptive
and the thresholding methods in our simulation study, wiscieported in Sectiof.

Parts of this work was presented in a conference paper (20095). The current version expands the orig-
inal idea and elaborates upon the conceptual connectidnede the Thresholded Lasso afydpenalized
methods; in addition, we provide new results on the spamsel@inequalities under the RE condition (cf.
Theoreml.3, Theoremb.1and Theoren®.3).

1.8 Organization of the paper

Section2 briefly discusses the relationship between linear spaasitirandom design matrices, while high-
lighting the role thresholding plays in terms of recoverthg best subset of variables, wheis a linear
fraction ofn, which in turn is a nonnegligible fraction pf We prove Theorenm.1 essentially in Sectiof.

A thresholding framework for the general setting is destiin Sectiord, which also sketches the proof
of Theoreml.2. The proof of Theoreni.3is shown in Sectio®, where oracle inequalities for the original
Lasso estimator is also shown. In Secti@nwe show conditions under which one recovers a subset of
strong signals. Sectionincludes simulation results showing that the Thresholdaskh is consistent with
our theoretical analysis on variable selection and on esiimp 3. Most of the technical proofs are included

in the Appendix.

2 Linear sparsity and random matrices

A special case of design matrices that satisfy the Redlrietgenvalue assumption are the random design
matrices. This is shown in a large body of work, for exaniptaaniuk et al(2008; Candes et al(2000);
Candes and Ta(2005 2007); Donoho(20068); Mendelson et al(2009); Szarek(1991), which shows that
the UUP holds for “generic” or random design matrices fosggnificant values of. It is well known that
for a random matrix the UUP holds fer= n/log(p/n) with i.i.d. Gaussian random variables, subject to
normalizations of columns, the Bernoulli, and in generalgbbgaussian random ensembilesaniuk et al.
(2009; Mendelson et al(2009); Adamczak et al(2009 show that UUP holds fos =< n/log?(p/n) when

X is a random matrix composed of columns that are independetnbopic vectors with log-concave densi-
ties. Hence this setup only requir€s observations per nonzero valueinwhereC' is a small constant,
whenn is a nonnegligible fraction qf, in order to recoveg; we call this level of sparsity the linear sparsity.
Our simulation results in Sectionshow that oncer > C'slog(p/n), whereC' is a small constant, exact
recovery rate of the sparsity pattern is very high for Gausg¢and Bernoulli) random ensembles, when
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Omin is sufficiently large; this shows a strong contrast with thdirary Lasso, for which the probability of
success in terms of exact recovery of the sparsity pattedst® zero when < 2slog(p — s) (Wainwright,
20098).

A series of recent papefrsaskutti et al(2009; Zhou(20099; Zhou et al.(2009 show that a broader class
of subgaussian random matrices also satisfy the Restilgggshvalue condition; In particulazhou (20099
shows that for subgaussian random matrigeghich are now well known to satisfy the UUP condition under
linear sparsity, RE condition holds fof := WX!/2 with overwhelming probability with = slog(p/n)
number of samples, whebe is assumed to satisfy the follow condition: Suppdse = 1,Vj =1,...,p,
and for some integer < s < p and a positive numbé, the following condition holds for all: # 0:

! ‘= min min Hzl/z'UH2/HUJOH2 > 0.

K Ko, ) aogti Josg <t

Thus the additional covariance structités explicitly introduced to the columns d@f in generatingX. We
believe similar results can be extended to other casesxémngle, whenX is the composition of a random
Fourier ensemble, or randomly sampled rows of orthonormetkrioes, see for exampleandes and Tao
(2006 2007); Rudelson and Vershyn(2006), where the UUP holds for = O(n/ log® p) for some constant
c> 0.

3 Thresholding procedure wheng,,;, is large

In this section, we use a penalization parametgr> B\, ., and assume,,;, > C\,./s for some
constantsB, C'; we first specify the thresholding parameters in this caseth&n show in Theore®. 1 that
our algorithm works under any condition so long as the rateocoivergence of the initial estimator obeys
the bounds in3.2). Theoreml.1lis a corollary of Theoren3.1 under Assumptiori.1, given the rate of
convergence bounds fdk;; following derivations in Bickel et al, 2009).

The Iterative Procedure. We obtain an initial estimatafi,i; using the Lasso or the Dantzig selector. Let
So = {5 : Bjinit > 4\, }, andB©) := Biny; Iterate through the following steps twice, for= 0, 1: (a) Set

t; = 4\,1\/|S;]; (b) Threshold3 with ¢; to obtain/ := S; 1, where

Sit1 = {j €S BJ(Z) >4\, |§i} (3.1)
zind coin2pute§§i“) = (XIT)E /)"LXTY. Return the final set of variables i, and output3 such that
A, = ﬂé; andj; = 0,Vj € S5.

Theorem 3.1. Let\,, > B\, ,,, WwhereB > 1 is a constant suitably chosen such that the initial estimato
Ginit Satisfies on some evef, for vint = Ginit — O,

[vinit,sll, < Bodnvs and || Ginit,sell; < BiAns (3.2)

whereB, B, are some constants. Suppose Bar= 1/(BAnin(2s)),

Bmin > (max <\/B71, 2) 2v/2 + max (Bo, \/§Bg>) AnV/S. (3.3)
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Then fors > B2/16, it holds on7, N Q, that, (a): Vi = 1,2, |5;| < 2s; and (b):

189 = Bllz < Aoapy/ISil/Amin(5il) < AuBav/2s (34)

whereVi: = 1,2, B(i) are the OLS estimators based §{1 Moreover, the lterative Procedure includes the
set of relevant variables i§5 such thatS C Sy, C S and

152\ 5] = [supp(B) \ S| < 1/(16B20%,,(1511)) < B3/16. (3.5)

The proof of Theoren8.1 appears in Sectiod. We now discuss its relationship to theorems in the sub-
sequent sections. We first note that in order to obfirsuch thatlS;| < 2s andS; 2 S as above, we
only need to thresholdi,; attg = B1\,; here instead of having to estimate the unknaiin we can use

to = cpAny/s for some constant, to thresholdGi,i;. In the general setting, we require thigtbe chosen
from the range(C1 \,,, Cy\,,] for some constanté’,, Cy to be specified; see Sectign(Lemma4.2) for
example. We note that without the knowledgesofone could usé > o in \,; this will put a stronger re-
qguirement oG, but all conclusions of Theoref1hold. Wheng,,;, does not satisfy the constraint as in
Theorem3.1, we cannot really guarantee that all variables$'iwill be chosen. Hence3(2) will be replaced

by requirements offiy, which denotes locations of thg largest coefficients of in absolute values: ideally,
we wish to have

1(Binit — B)1u [l < Corn/|To| and || Ginit 7 ||,

< ClAn‘TO‘; (36)

for some constant€)y, C1, so that {.16) and (L.17) hold under suitably chosen thresholding rules. This is
the content of Theorer.1and Theoren®.3.

4 Nearly ideal model selections under the UUP

In this section, we wish to derive a meaningful criteria fonsistency in variable selection, whéhp,;,

is well below the noise level. Suppose that we are given aialirdstimatorii,i; that achieves the oracle
inequality as in {.12), which adapts nearly ideally not only to the uncertaintyhia support sef but also
the “significant” set. We show that although we cannot guaenhe presence of variables indexed by
Sr=1{j :18;] < oy/2logp/n} to be included in the final sdt(cf. (4.7)) due to their lack of strength, we
wish to include in/ most variables ir6;, = S\ Sr such that the OLS estimator based/oachieves 1.12)
even though some non-zero variables are missing ffoiMere we pay a price for the missing variables in
order to obtain a sufficiently sparse modelToward this goal, we analyze the following algorithm.

The General Two-step Procedure Assumeds,; + 6,2 < 1 — 7, wherer > 0,

1. First obtain an initial estimatof,; using the Dantzig selector inL.@) with \, = (V1+a +
7~1y/2log p/nc, wherea > 0; then threshold,;; with o, chosen from the rand€’1 A, -0, Cy\p 0],
for (' as defined in4.2), to obtain a sef of cardinality at mos®s, (cf. Lemmad4.2):

setl :={je{l,....p}: Bjinit > to}.
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2. Given a sef as above, run the OLS regression to obfain- (XTx)~'xTy and seﬁj =0,V &
1.

In Section5, we analyze the Thresholded Lasso, where we olgtgirvia the Lasso under the RE condition
and follow the same steps as above; see The&rérand Lemmab.2for the new),, andt, to be specified.
Under the UUPCandes and Ta(2007) have shown that the Dantzig selector achieves nearly #a ievel
of /5 loss. We then show in Lemm&a2 that thresholding at the level 6f; Ao at Stepl selects a sef of at
most2s, variables, among which at mast are fromS«.

Proposition 4.1. (Candes and Tg®2007) LetY = X2 + ¢, for € being i.i.d. N(0,0%) and HXng =

n. Chooser,a > 0 and set\, = (vV1+a+ 7 1)oy/2logp/n in (1.3). Then if3 is s-sparse with
da2s + 05,25 < 1 — 7, the Dantzig selector obeys with probability at least (/7 log pp®) Hﬁ ﬁH

203 (V1 +a+711)2logp (o?/n+ 3" min (82,0%/n)) .

From this point on we lef := o, andf := 0, o,; Analysis inCandes and Ta(2007) (Theorem 2) and the
current paper yields the following constants,

146 Co 6(1 +6)

o / T o I _
Cy = 2(3’0+1_5_9Where0O 1—6—9+(1—5—9)2’ (4.1)
whereC, = 2\/_< ) (1+1/v2) &,
_ o LH6
C; = CO+1_6_9and (4.2)
C; = 3(V1+a+7 ) ((Co+Ca)® +1) +4(1+a) /AL, (250) (4.3)

whereC; has not been optimized. Recall thatis the smallest integer such tHat?_, min(5?, A\?0?) <
soA2a?, whereX = /2log p/n. We order the3;’s in decreasing order of magnitude

181l > |Bal... > |Bpl. (4.4)
Thus by definition ofsg, the factd < sy < s, we have fors < p,
& o2 b o2
soN?c? < N2 + Zmin( 12, )\202) <2logp|—+ Z min < 12, —> (4.5)
n n
i=1 i=1
so+1
soA’0? > Y min(82, \20?) > (so + 1) min(B2 |1, A%0?) (4.6)
j=1

which implies that (as shown inandes and Ta(2007) thatmin (82 , |, A%0?) < A%¢? and hence by4(4),
it holds that

|6j| < Ao forall j > sq. 4.7)

Lemma 4.2. Chooser > 0 such thatdys + 0525 < 1 — 7. Let Gint be the solution tq1.3) with A\, =

Mo = (V1+a+71)/2logp/no. Given some constart; > Cy, for C; as in (4.2, choose a
thresholding parametet, such thatCs\, ;o0 > to > Ci\, -0 and setl = {j : |Bjinit| > to}. Then
with probability at leastP (7,), as detailed in Propositiod.1, we have (1.16), and for C}, as in (4.1),

18plly < V(Ch+ Ca)? + 1N, r0/50, WwhereD := {1,... ,p}\ I.
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Itis clear by Lemmal.2that we cannot cut too many “significant” variables; in garar, for those that are
> Ao/s0, We can cut at most a constant number of them. Next we showveatif we miss some columns
of X in S, we can still hope to get thg, loss as required in Theorefn2 so long as|Ap||, is bounded,
for example, as bounded in Lemma2, and is sufficiently sparse. Now Theorefin2 is an immediate
corollary of Lemmat.2and4.3in view of (4.5). See Sectioix for its proof. We note that Lemm@3yields

a general result on th& loss for the OLS estimator, when a subset of relevant vaaislmissing from the
chosen model; this is also an important technical contribution of thipea

Lemma 4.3. (OLS estimator with missing variable§ Suppose thafl.4) and (1.5 hold. LetD :=
{1,...,p} \ I and Sp = D N S such that N Sp = (). Supposdl U Sp| < 2s. Then, for@ =
(X7 X;)~'XTY, it holds on7, that

~ 2 2 9 9
181 = 5[, < (Buriisor 18511y + Aot/ TT) " /AZn (121) + 1503

We note that Lemmad.3 applies toX so long as conditionsl(4) and (L.5 hold, which guarantees that
0|11,)s| IS bounded within a reasonable constant, whient- [Sp| < 2s (cf. Lemmab.4). Itis clear from
Lemma4.3 and Theoreni.4 that, except for the constants that appear before each temely, || 5p||,
and \/m v/21og po, the bias and variance tradeoffs for the prediction errak the /5 loss follow roughly
the same trend in their upper bounds. It will make sense t® &look at the bound on prediction error
for the Gauss-Dantzig selector stated in Corollas; which follows immediately from Theorerh.4 and
Lemma4.2

Corollary 4.4. Under conditions in Theorerh.2, the Gauss-Dantzig selector choodesvhere|I| < 2s,

such that for the OLS estimatq/iir based on/, we haveHX@ — XﬂH2 /vn < Csy/soAo, whereCs =
VAax(s)(\/(Ch + Ca)? +1(VT+a+771) + f(I), wheref(I) := /2(1 + a) Amax (1) /Amin (| T])-

5 On sparse oracle inequalities of the Lasso under the RE cortthn

In this section, in order to prove TheorehB, we first show in Theorer.1 that under the RE condition,
the Lasso estimator achieves essentially the same typeaoliegproperties as the Dantzig selector (under
UUP). This result is new to the best of our knowledge; it iny@®upon a result iickel et al.(2009 (cf.
Theorem 7.2) under slightly different RE conditions, anastimay be of independent interests. The sparse
oracle properties of the Thresholded Lasso in terms of briselection/, loss, and prediction error then
all follow naturally from Theoren®b.1, Lemma5.2 and Lemma4.3 as derived in Sectiod. The proof of
Theoremb.1draws upon techniques from a concurrent workdm de Geer et a(2010), where a stronger
condition is required, while deriving bounds similar to firesent paper.

Theorem 5.1. (Oracle inequalities of the Lasso)etY = X3 + ¢, for ¢ being i.i.d. N(0,0%) and

| X;ll, = v/n. Letsg be as in(1.14) and T, denote locations of the, largest coefficients of in absolute
values. Suppose th&F(sg, 6, X) holds withK (sg, 6), and (1.4) and (1.5) hold. Letgi,: be an optimal
solution to(1.2) with \,, = doAo > 2X, 4., Wherea > 0 anddy > 2v/1 + a. Leth = Sinit — B, Then on
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7, asin(1.15, we have forA ax := Amax(s — s0),
1B — Bll; < 2X°0”so(Dg + D} + 1),
Amax

2AmaX
1 S < do +maX{8K2(SO,6)dO,%}> )\O'S(],

HX/Binit _X/3H2/\/ﬁ S )\U\/%( V Amax+3dOK(8076)>

whereDy, D, are defined in{5.2) and(5.3). Moreover, for any subsédg C S, by assuming thaRE( |1y, 6, X)
holds withK (|1, 6), we have

HhToHl + Hﬁinit,Tg

1X Binit — X85 /n < 2[| X8 — XPBi,l5 /n + INE|Io| K2(|1], 6). (5.1)

Let T7 denote thes largest positions of in absolute values outside @; Let Ty; := Ty U T;. The proof

of Theorems.1 yields the following bounds: fols := K (so,6), [|hz, [, < Dodoy/so and ||hre||, <
D1 \osg where
Do = max{D, KvV2(2v/Amax (5 — s0) + 3doK)}, (5.2)
Amax(s - 30) 93 2s Amax<3 - 30)
whereD = (V2 +1 0,250 and
( ) Amin(ZSQ) Amin(zs(])
D = 2Amax(5 — 50)/d0 + 9K2d0/2 (53)

The proof of Lemméb.2 follows exactly that of Lemmd.2, and hence omitted. We then state the bound
on prediction error for3 for the Thresholded Lasso, which follows immediately frome@rem1.4 and
Lemmab.2

Lemma 5.2. Suppose thaX obeysRFE(sg,6,X), and conditions(1.4) and (1.5) hold. Let g be an
optimal solution ta(1.2) with \,, = doAo > 2\, 4., Wherea > 0, dp > 2v/1 + a, and\ := \/2log p/n as

in Theorenmb.1. Suppose that we choogg= Cy\o for some positive constadty. Letl = {j : |G}nit >

to} andD := {1,...,p} \ I. Then we have off,,

‘I‘ < 80<1+D1/C4> and ‘IUS|§S+D18()/C4 and

8oy < v/ (Do + C4)? + 1Xa+/30, WhereDy, D; are as defined i5.2) and (5.3).
Corollary 5.3. Under conditions in Theorert.3, the Thresholded Lasso choosEswhere|I| < 2sg,
such that for the OLS estimatgﬁ based onl, it holds thatHXBI — XﬁHz/\/ﬁ < Cs/s0A0, Where

Cs = /Amax(8)\/(Do + C4)2 + 1+ f(I), for f(I) as defined in Corollaryt.4and Dy is defined in(5.2).

We now state Lemma&.4, which follows fromCandes and Ta(2005 (Lemma 1.2); we then prove Theo-
rem1.3, where we give an explicit expression bx.

Lemma 5.4. (Candes and Ta@2005 Suppose thatl.4) and (1.5) hold. Then for all disjoint set$, Sp C
{1,...,p} of cardinality | Sp| < sand|I| + |Sp| < 2s,

O111,150] < (Amax(25) — Amin(25))/2;

In particular, if 695 < 1, we have9‘”,‘sp| < 6‘”+|SD‘ < b9 < 1.
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Proof of Theorem1.3. It holds by definition ofSp thatl N Sp = (. Itis clear by Lemmd.2 that for
Cy > Dy, |I| <2spand|I U Sp| < |[TUS| < s+ sp < 2s,giventhatSp| < s. We have by Lemmé&.3

R 2 207 21|
ol < g2 (10 Zitisol 22
|5 ﬁHz—”ﬂD‘b( TR TRz e

P
< D3X%0?%sy < 2D3logp <02/n + Zmin( 12,02/71)) where
i=1

D} = (Do + C)? +1) (14263 g /A2, (111) ) +4(1 + @) /A2, (1), 0

Itis clear by Lemmd.4 that

(5.4)

D2 < (Do + C)? +1) <1 1 P (25) - Amin<28>>2> 4(1 +a)

6 Controlling Type-Il errors

In this section, we derive results that are parametrizeédas the performance of an initial estimator,
the smallest magnitude of variables{i : |3;| > Ao}, whereX := /2logp/n, and the choice of the
thresholding parametes. We emphasize that we do not necessarily requiretthat \o. We first introduce
some more notation. Again order ti’s in decreasing order of magnitudégs;,| > |Ba|... > [3,|. Let
To ={1,...,s0}. Inview of (4.7), we decompos&), = {1, ..., so} into two sets:Ay andTj \ Ay, where
Ag contains the set of coefficients gfstrictly larger than\o, for which we define a constant:

Ag={j:|Bi| > Ao} = {1,...,a0}; Let Bumina, := ]H<11ar(1) 18| > Ao (6.1)

Our goal is to show whei,, 4, is sufficiently large, we havely, C I while achieving the sparse ora-
cle inequalities; This is shown in Theoredn3 under the RE condition, which is stated as a corollary of
Lemma6.2 First note that changing the coefficients/f, will not change the values af, or ag, so long

as their absolute values stay strictly larger than Thus one can increasg as Smin, 4, increases in order
to reduce false positives while not increasing false negatirom the setdy. In Lemma6.2, we impose a
lower bound on3yin 4, (6.4) in order to recover the subset of variablesd, while achieving the nearly
ideal /5 loss with a sparse modél

We now show In Lemma&.1 that under no restriction ofi.,;,, we achieve an oracle bound on theloss,
which depends only on th& loss of the initial estimator on the s&j. Bounds in Lemma.2and5.2 are
special case$(2) as we state now.

Lemma 6.1. Let Ginit be an initial estimator. Let = Ginit — O, and A := /2log p/n. Suppose that we
choose a thresholding parametgrand set

I=1{j:|8jinit| > to}.
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Then forD := {1,...,p} \ I, we have forD;; := D N Ay andag = | A

1Boll; < (50— a0)\*0” + (ton/ag + [hpy, [15): (6.2)
Suppose thaly < Bmin, 4, as defined irf{6.1). Then(6.2) can be replaced by
18oll3 < (50 — a0)A*0” + [|hpy, |13 (Bunin, Ao / (Bunin, 40 — t0))* (6.3)

Lemma 6.2. (Oracle Ideal MSE with/., bounds)Suppose thatl.4) and(1.5) hold. Letgi,i; be an initial
estimator. Leth = Gint — B, and A := /2logp/n. Suppose on some evept, for Fnin 4, as defined
in (6.1, it holds that

Bin, Ao = 4ol + min { (s0)/2 |zl » (50) ™ oz

Now we choose a thresholding parametgsuch that o)., for somesy > s,

1} . (6.4)

Bin, Ao = 1o oo = to 2 min { (50) ™72 |Gzl (50) ™" || B, } (6.5)

holds and sef = {j : |5;,nit| > to}; Then we have off, N Q.,
Ao C I and |[I NT§| < s0; and hencel| < sp + So; (6.6)
and  |[8pll5 < (so — ag)\2o>. (6.7)

For BI being the OLS estimator based @K, Y) and sy < s, we have o7, N Q.,
2 2 ¥ 2 _2 2
|Bi=n|, < crsano?/ak (1) (6.8)
whereC7 depends o |5,,| Which is upper bounded b ,ax(25) — Amin(25)) /2.

By introducing sy, the dependency df, on the knowledge of is relaxed; in particular, it can be used to
express a desirable level of sparsity for the mad#iat one wishes to select. We note that implicit in the
statement of Lemmas(2), we assume the knowledge of the bounds on various norrfig;of 3 (hence the
name of “oracle”). Theorerf.3is an immediate corollary of Lemnta2, with the difference being: we now
let 5, = s, everywhere and assume having an upper estitatef D;, so as not to depend on an “oracle”
telling us an exact value.

Theorem 6.3. Suppose thaRE(sg, 6, X) condition holds. Choosg,, > b\, ,, Whereb > 2. Let Ginit

be the Lasso estimator as {f.2). Suppose that for some constaits > D;, and for Dy, D; as in(5.2)
and(5.3), it holds that

Bmin, A, > DoAov/so + Di\o, where \ := \/2logp/n,
Choose a thresholding parametgrand set
I={j:|Bjinit| >to}, wherety> Di)o.

Then o7, (6.6), (6.7), and(6.8) all hold with 5y = so everywhere and; < A2 (|7])+(Amax(25) — Amin(25))%/2+

min
4(1 + a); Moreover, the OLS estimatgt based on/ achieves or¥,, for f(I) as defined in Corollaryt.4,
where|I| < 2s,

HXBI - XﬁHQ /v/n < Csy/soro where Cs = v/Amax(5) + f(I).
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Figure 1: lllustrative example: i.i.d. Gaussian ensemple; 256, n = 72, s = 8, ando = /s/3. (a)
compare with the Lasso estima‘r@rwhich minimizests loss. Hereﬁ has only 3 FPs, bui? is large with a
value of64.73. (b) Compare with thej,;; obtained using\,,. The dotted lines show the thresholding level
to. The Binit has 15 FPs, all of which were cut after the 1st step; resufting: 12.73. After refitting with
OLS in the 2nd step, for th@, p? is further reduced t0.51.

6.1 Discussions

Compared to Theorerh.1, we now put a lower bound 0fi,i,, 4, rather than on the entire sgtin The-
orem 6.3, with the hope to recoved,. Choosing the sefl; is rather arbitrary; one could for example,
consider the set of variables that are strictly abaweg/2 for instance. Bounds ofh 4, ||, are in general
harder to obtain thafjh 4, ||,; Under stronger incoherence conditions, such bounds cabtaéned; see
for exampleCandes and Pla(2009; Lounici (2009; Wainwright (2009h). In general, we can still hope
to bound||h ||, Y [[ha,ll,- Having a tight bound off{ir, ||, (Or [|hT,||.) and[|hre |2 naturally helps
relaxing the requirement Qby,in 4, for Lemma6.2, while in Lemma6.1, such tight upper bounds will help
us to control both the size dfand||p|| and therefore achieve a tight bound on £héoss in the expression
of Lemma4.3. In general, when the strong signals are close to each aththeir strength, then a small
Bmin, A, iIMplies that we are in a situation with low signal to noiseéaglow SNR); one needs to carefully
tradeoff false positives with false negatives; this is shawour experimental results in Secti@n We re-
fer to Wainwright (20099 and references therein for discussions on informationrtte limits on sparse
recovery where the particular estimator is not specified.

7 Numerical experiments

In this section, we present results from numerical simaifetidesigned to validate the theoretical analysis
presented in previous sections. In our Thresholded Laspteimentation (we plan to release the imple-
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mentation as an R package), we uséwa-stepprocedure as described in Sectibinwe use the Lasso as
the initial estimator, and OLS in the second step after tiokeng. Specifically, we carry out the Lasso
using proceduré ARS(Y, X) that implements the LARS algorithimfron et al.(2004) to calculate the full
regularization path. We then ugg, whose expression is fixed throughout the experiments ksv®)|

An = 0.69A0, wherel = /2logp/n, in (1.2) (7.1)

to select afinit from this output path as our initial estimator. We then thodd the Ginit using a valuey
typically chosen betweeh5 o and\o. See each experiment for the actual value used. Given thahos
of X being normalized to hav& norm/n, for each input parametet, we compute its SNR as follows:

SNR = B2 /o

To evaluate@, we use metrics defined in Table we also compute the ratio between squatgdrror and
the ideal mean squared error, known asghesee Sectior7.3for details.

7.1 lllustrative example

In the first example, we run the following experiment with tupesimilar to what was used inandes and Tao
(2007 to conceptually compare the behavior of the Thresholdessd avith the Gauss-Dantzig selector:

1. Generate ani.d. Gaussian ensembl¥,,,,, whereX;; ~ N(0,1) are independent, which is then
normalized to have columfy-norm/n.

2. Select a support sétof size|S| = s uniformly at random, and sample a vectbwith independent
and identically distributed entries ¢has follows,3; = u;(1+ |g;|), whereu; = 1 with probability
1/2 andg; ~ N(0,1).

3. Compute&Y = X3 + ¢, where the noise ~ N (0,021, is generated witt,, being then x n identity
matrix. Then feed” and X to the Thresholded Lasso with thresholding parameter bigitmrecover

3 using5.

In Figurel, we setp = 256, n = 72, s = 8, 0 = /s/3 andty = A\o. We compare the Thresholded Lasso
estimatorg with the Lasso, where the full LARS regularization path iarsbed to find theptimal 5 that
has the minimunds, error.

7.2 Type l/ll errors

We now evaluate the Thresholded Lasso estimator by congpdsipe I/1l errors under different values
of ¢, and SNR. We consider Gaussian random matrices for the déSigith both diagonal and Toeplitz
covariance. We refer to the former gisd. Gaussian ensembbnd the latter aSoeplitz ensembleln the
Toeplitz case, the covariance is givenByy); ; = ~li=il where0 < v < 1. We run under two noise levels:
o = +/s/3 ando = \/s. For eachr, we vary the threshold, from 0.01\o to 1.5\o. For eachr andt,
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combination, we run the following experiment: First we gate X as in Step 1 above. After obtaininyg,

we keep it fixed and then repeat St&ps 3 for 200 times with a news ande generated each time and we
count the number of Type | and Il errors/ﬁl We compute the average at the end of 200 runs, which will
correspond to one data point on the curves in Figui) and (b).

For both types of designs, similar behaviors are observeds = /s/3, FNs increase slowly; hence there

is a wide range of values from whiap can be chosen such that FNs and FPs are both zero. In contrast,
wheno = /s, FNs increase rather quickly asincreases due to the low SNR. It is clear that the low SNR
and high correlation combination makes it the most challengituation for variable selection, as predicted
by our theoretical analysis and others. See discussiongdtidd 6. In (c) and (d), we run additional
experiments for the low SNR case for Toeplitz ensembles. pEnformance is improved by increasing the
sample size or lowering the correlation factor.

Table 1: Metrics for evaluatin@
Metric Definition

Type | errors or False Positives (FPs) # of incorrectly selected non-zerosn
Type Il errors or False Negatives (FNs¥ of non-zeros ing that are not selected if

True positives (TPs) # of correctly selected non-zeros
True Negatives (TNs) # of zeros ing that are also zero if
False Positive Rate (FPR) FPR=FP/(FP+TN)=FP/(p—s)
True Positive Rate (TPR) TPR=TP/(TP+ FN)=TP/s

7.3 /,loss

We now compare the performance of the Thresholded Lassothattordinary Lasso by examining the
metric p? defined as follows: ~
pz _ Zf=1<ﬁi — ﬁi>2
>opymin(s7, 0% /n)”

We first run the above experiment using i.i.d. Gaussian eblgeomder the following thresholdsy =

Ao for o = /s/3, andty = 0.36)\c for o = /s. These are chosen based on the desire to have low
errors of both types (as shown in Figuzga)). Naturally, for low SNR cases, smaj will reduce Type

Il errors. In practice, we suggest using cross-validatitmghoose the exact constants in front)ef.

We plot the histograms 0? in Figure 2 (e) and (f). In (e), the mean and median aré5 and1.01

for the Thresholded Lasso, ad8.97 and41.12 for the Lasso. In (f), the corresponding values a6
and6.60 for the Thresholded Lasso and.50 and10.01 for the Lasso. With high SNR, the Thresholded
Lasso performs extremely well; with low SNR, the improvetafithe Thresholded Lasso over the ordinary
Lasso is less prominent; this is in close correspondendetidt Gauss-Dantzig selector’s behavior as shown
by Candés and Ta(2007).

Next we run the above experiment under different sparsityegofs. We again use i.i.d. Gaussian ensemble
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Figure 2:p = 256 s = 8. (a) (b) Type I/ll errors for i.i.d. Gaussian and Toeplitsembles. Each vertical
bar represents-1 std. The unit ofc-axis is inA\o. For both types of design matrices, FPs decrease and FNs
increase as the threshold increases. For Toeplitz ensgmibléc) with fixed correlationy, FNs decrease
with more samples, and in (d) with fixed sample size, FNs dseras the correlation decreases. (e) (f)
Histograms ofp? under i.i.d Gaussian ensembles from 500 runs.
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with p = 2000, n = 400, ando = /s/3. The threshold is set &y = A\o. The SNR for different is fixed

at around32.36. Table2 shows the mean of the® for the Lasso and the Thresholded Lasso estimators. The
Thresholded Lasso performs consistently better than tieany Lasso until about = 80, after which both
break down. For the Lasso, we always choose from the fulllagigation path theptimal E that has the
minimum /5 loss.

Table 2:p? under different sparsity and fixed SNR. Average over 100 fansachs.

s 5 18 20 40 60 80 100
SNR 34.66 3299 32.29 32.08 32.28 3256 32.54
Lasso 17.42 2201 44.89 52.68 31.88 29.40 47.63

Thresholded Lasso 1.02 096 1.11 154 10.32 29.38 53.81

7.4 Linear Sparsity

We next present results demonstrating that the Threshdldesgo recovers a sparse model using a small
number of samples per non-zero component iwhen X is a subgaussian ensemble. We run under three
cases ofp = 256,512,1024; for eachp, we increase the sparsity by roughly equal steps from =
0.2p/log(0.2p) to p/4. For eachp ands, we run with different sample size. For each tuplén, p, s), we

run an experiment similar to the one described in Secti@with an i.i.d. Gaussian ensemhlé being
fixed while repeating Stepd — 3 100 times. In Step 2, each randomly selected non-zero cwiediof

[ is assigned a value af0.9 with probability 1/2. After each run, we compar@ with the trues; if all
components match in signs, we count this experiment as @ssicAt the end of the 100 runs, we compute
the percentage of successful runs as the probability ofessccWe compare with the ordinary Lasso, for
which we search over the full regularization path of LARS ahdose thes that best matches in terms of
support.

We experiment witlr = 1 ando = /s/3. Fore = 1, we set, = ft\/@)\a, Where§0 = {j : Bjinit > 0.5\, = 0.35\0 ]
for A\, as in (7.1), and f; is chosen from the range @.12,0.24] (cf. Section3). Foro = /s/3, we set

to = 0.7)o with SNR being fixed. The results are shown in FigBréWe observe that under both noise

levels, the Thresholded Lasso estimator requires muchrfeamples than the ordinary lasso in order to

conduct exact recovery of the sparsity pattern of the tnueali model when all non-zero components are
sufficiently large. Whemw is fixed ass increases, the SNR is increasing; the experimental refulitrate

the behavior of sparse recovery when it is close to the ressedetting. Given the same sparsity, more
samples are required for the low SNR case to reach the sasi®feasuccess rate. Similar behavior was also
observed for Toeplitz and Bernoulli ensembles with i.itd. entries.

7.5 ROC comparison

We now compare the performance of the Thresholded Lassmasti with the Lasso and the Adaptive
Lasso by examining their ROC curves. Our parameterp are512, n = 330, s = 64 and we run under
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Figure 3: (a) (b) Compare the probability of successyfer 256 andp = 512 under two noise levels. The
Thresholded Lasso estimator requires much fewer sampdesthie ordinary Lasso. (c) (d) (e) show the
probability of success of the Thresholded Lasso underréifitelevels of sparsity and noise levels when
increases fop = 512 and1024. (f) The number of samplesincreases almost linearly withfor p = 1024.
More samples are required to achieve the same level of suede=ns = /s/3 due to the relatively low

SNR.
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Figure 4:p = 512 n = 330 s = 64. ROC for the Thresholded Lasso, ordinary Lasso and Adap&sso.
The Thresholded Lasso clearly outperforms the ordinanshamnd the Adaptive Lasso for both high and
low SNRs.

two caseso = /s/3 ando = /s. In the Thresholded Lasso, we vary the threshold level fdci\o to
1.5Mo. For each threshold, we run the experiment described indetR with an i.i.d. Gaussian ensemble
X being fixed while repeating Steps- 3 100 times. After each run, we compute the FPR and TPR q§1he
and compute their averages after 100 runs as the FPR and TB&sfthreshold. For the Lasso, we compute
the FPR and TPR for each output vector along its entire regatéoon path. For the Adaptive Lasso, we use
the optimal outputﬁ in terms of/, loss from the initial Lasso penalization path as the inputdsecond
step, that is, we séefii; := E and usew; = 1/finit,; to compute the weights for penalizing those non-zero
components iiyi; in the second step, while all zero componentgigf are now removed. We then compute
the FPR and TPR for each vector that we obtain from the sedepd 4 ARS output. We implement the
algorithms as given inZou (2006), the details of which are omitted here as its implememntatias become
standard. The ROC curves are plotted in FiglreThe Thresholded Lasso performs better than both the
ordinary Lasso and the Adaptive Lasso; its advantage is apgarent when the SNR is high.

8 Conclusion

In this paper, we show that the thresholding method is effeat variable selection and accurate in statistical
estimation. It improves the ordinary Lasso in significantysva For example, we allow very significant
number of non-zero elements in the true parameter, for wthielordinary Lasso would have failed. On the
theoretical side, we show that ¥ obeys the RE condition and if the true parameter is suffiljiesmtarse,
the Thresholded Lasso achieves thdoss within a logarithmic factor of thigleal mean square erroone
would achieve with an oracle, while selecting a sufficiersibarse model. This is accomplished when
threshold level is at abou}/2 log p/no, assuming that columns of havels norm/n. We also report a
similar result on the Gauss-Dantzig selector under the WUIR,upon results frontCandes and Ta@007).
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When the SNR is high, almost exact recovery of the non-zergs is possible as shown in our theory;
exact recovery of the support ¢fis shown in our simulation study whenis only linear ins for several
Gaussian and Bernoulli random ensembles. When the SNRaisv/edy low, the inference task is difficult
for any estimator. In this case, we show that Thresholdedd &mdeoffs Type | and Il errors nicely: we
recommend choosing the thresholding parameter consaxlyatiAlgorithmic issues such as how to get an
estimate o and parameters related to the incoherence conditions isddtiture work. While the current
focus is ond, loss, we are also interested in exploring #parsity oracle inequalitiefor the Thresholded
Lasso under the RE condition as studiedinkel et al.(2009 in our future work.

A Proof of Theorem1.1

Proving Theoren.1involves showing that the Lasso and the Dantzig select®sfgd8.2). These have
been proved irBickel et al. (2009. Theoreml.1lis then an immediate corollary of Theoresnl under
assumptions therein. We note that Bp it holds that||vinit,s<|; < ko ||vinit,s||;, Whereky = 1 for the
Dantzig selector when,, > A\, ., andky, = 3 for the Lasso, when,, > 2), ,, for the Lasso. Then on
7, asin (.19, (3.2) holds with By = 4K?(s,3) and B; = 3K?(s,3) for Lasso undeRE(s, 3, X) and
(3.2 holds with By = B; = 4K?(s, 1) for the Dantzig selector undétE(s, 1, X); SeeZhou (20099 for
deriving the exact constants here. O

B Proof of Theorem1.4

Proof of Theoreml.4. Itis clear by construction that undég, X@ = P;Y and|I| < 2sy. Hence

|XBr = x8|,/vn = (P = 10)XB + Prelly /v

< |1 X1eBplly /v + |1Prelly /vn

VI + @) Amax (IT) Ao
VAmax(s) [Boll, + Amin(|1])

IN

where we have off,, for A\, ., = v/1 + a)o, whereX = /2log p/n,

X (K0 X el 1V < X (KT )l X

VAmax (1) VI oap _ VHIO+ @) Amax (1) A0

- Amin(]1]) - Amin (1)

Now by Lemma4.2and5.2, we have||8p||, < C'/soAo for some constant. O
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C Proof of Proposition 1.5

Recall that|3;| < Ao for all j > a( as defined in&.1); hence for\ = /2log p/n, we have by G.1),

f>a0 min (82, \20?) = Zf>a0 B2 < (sg — ap)\?0?; hence

{7 € A5 : 18] > \/logp/(c’n)a}‘ < 2 (sp — ag) where |Ty \ Ag| = sp — ap.

Now given that3; > 3; for all i € Ty, j € 1§, the proposition holds. O

D Proof of Theorem3.1

We first state two lemmas. Defingi = Binit — 3 andv® = 30 — 3.
Lemma D.1. Under assumptions in Theoredrl, suppose oA, N Qy,

Bmin > =+ I' where 2 := {E%’i va)

and I' := maxt;. (D.1)

o0 1=0,1

ThenS C §2 - §1.

Proof. We haveYj € S finit,j > Bmin — ||Vinit,s ||, = Bmin — = > T' = tg and
Bj(l) > Binin — va) H > Buin—Z= > T' > t;. Thus the lemma holds by definition 8f, fori = 0,1,2. O
o0

The following lemma follows from Lemma.3, by plugging in||p|, = 0.

Lemma D.2. (¢5-loss for the OLS estimatorg Suppose that O S and|I| < 2s, then the OLS estimator
Br = (XI'X)'XTy satisfies onZ,, ||3r — Bll2 < Aoapr/H]/Amin(/I]) Which satisfieg3.4) with
By = 1/(BAmin(2s)).

Proofof Theorem3.1L Itis clear by construction that
Sy, C S C 8. (D.2)
Recall thatS, is obtained by thresholding.i: with 4)\,,, hence by 8.2), we have

l|Vinit,s¢ || - Bi\,s _ Bls_

S <
S0\ 8] < A\,  — 4, — 4

1. If By < 4, we have thaﬁo\ < 2s;

2. Otherwise, we haviSy| < s + Bys/4 < Bys/2.

Hence fort; = 4\, \§i|,w = 0,1 andIl" asin 0.1), it holds by O.2) that

T = to = 4M\/|So| < Any/s max (2\/231,4\/5) . (D.3)
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Now given @.3) and @.2), we havevj € S,

Binit,j = Bmin — [Vinit,S || oo = Bmin — [|Vinit,s 4 > T = to,

and hence it holds that C 5; C S, by construction ofS;, and hence, > 4\,,+/s. Now by (3.2), we have
for s > B%/16,

[[vinit, sl < Bidns _ Bivs _
to Dny/s 4

For the OLS estimatos®) with I = S;, by LemmaD.2, we have oI,

151\ 5| < s; and S| < 2s. (D.4)

o~ Ao,a V51 )\n\/ S1 a
1) _ H < L2%P < < By, V2s, where s := ‘S ’
Hﬁ b 2 Amin<31> - BAmin(28> = P20 Vas, W *1 !

where\,, > B\, ,p, for A\, ., asin (.15, andBy = 1/(BAmin(2s)). Clearly we have by definition Gt
in (D.1),

= < mf&)liva)HQ < max{Bo,\/iBg}/\n\/E
1=V,

and thusGin > = + I holds given 8.3) and 0.3). By LemmaD.1, we haveS; D S, Vi = 0,1,2. It
remains to showd.5) and (3.4); Upon thresholdinﬁ(l) with ¢1, we have fors; := §1’ and\, > BAs g p,

R 2 Noja,p\/S1 1 ’ 1
< (1) 2 < ,@;P . < .
st o < (G L) <

Now for the final estimator in3.1), we have or/, N @, by LemmaD.2,
132 =5 =B - 8], = Avaw/ 1921/ Amin(1S2]) < AuB2v/2. 0

E Proofs for the Gauss-Dantzig selector

Recall B is the solution to the Dantzig selector. We write= 3(1) + 5(2) where

B =B - Ligjzs, and 517 = B - s,

Leth = Binit— 3, where3(!) is hard-thresholded version 6f localized toly = {1,..., so}. LetT} be the
s largest positions of outside ofly; Let Ty, = Ty UT;. The proof of Propositiod.1(cf. Candes and Tao
(2007) yields the following:

lhr, lls < Corpro/50, for Cf asin @.1) (E.1)
1446

[hzel|, < Cidproso, where Cy = <C()+ T 54 _5_9>, and (E.2)

HhTOclH2 < HhTOc 1/\/% < Cl)\pJU\/S_, (Cf LemmaF.Z). (E3)

27



Proofof Lemma4.2. Consider the sek N T := {j € Ty : |B;,nit| > to}. Itis clear by definition of
h = Binit — 1Y) and E.2) that

1INTS| < ||Brenit]|, /to = ||hre

1 /t() < S0, (E.4)

wherety > C1 A\, 0. Thus|I| = [I NTy| + |I N T5| < 2s0; Now (1.16) holds given E.4) and|I U S| =

S|+ TN S| < s+ |INTE| < s+ so. We now bound|p|[5. By (E.1) and 6.2), whereD;; C Ty, we
have forty < Cy\p -0+/50,

183 < (s0 — ao)A%0? + (toy/50 + |hmy l12)? < ((Ca + Cp)* + A2 0. O
Proofof Lemma4.3. Note thatX ;.5 = Xg,,(s,,. We have
Br = (X{X)'XTY = (X] X1) ' XT (X181 + Xrefre + )
= Br+ (XTI X)) ' XT Xs, 05, + (XFX1) ' XF e
Hence HBI - ﬁIHQ = |(X7 X1) 7' X[ X5, 85, + (X[ X1) 7' X[ €],
< H(X}ﬂXf)ilX?XSD/BSDHQ + H(X?XﬁilX}ﬂe’

o (E.5)

where the second term is bounded as Leninia we have or7Z,,

xTx\ !
n

by (1.8), where), ., = v/1+ aXo for A\ = y/log p/n. We now focus on bounding the first term i.§).
Let P; denote the orthogonal projection onftol et

T
Xie

n

(XX ' XTe|, < = A (1)) 7P

(E.6)

2

c= (X?X[)le}ﬂXSDﬁSD, henceX;c = P1 Xg,0s,,.
By the disjointness of and.Sp, we have forP; X g, Bs,, := Xrc,
|PrXspBspll; = (PrXspBsp, XspBsp) = (X1, XspBsp )

I Xiell, _ [1PrXspBsplly,

A

lel, < < : Hence (E.7)
P V() T VR (1)
\/HQI,S
I1PiXsplsnlly < 7= Isolly wherel|sol, = 9ol (E8)

and|lc|ly < 0/715p| 183D]l2/Amin(|I]). Now we have orT,, by (E.6),

|Br=1], < NXTx07X] X5 B [, + |(XF X0~ xF
0111, 150|

LISol VAL

T VAL B
K] 1Pl Ty e

N 2 2
Now the lemma holds giveH\ﬂ] — ﬁHQ = Hﬁf - ﬁIHQ + 161 = Bl3- O
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Proof of Theorem1.2. It holds by definition ofSp that7 N Sp = . It is clear by Lemmat.2 that
|Sp| < sand|I]| < 2spand|IUSp| < [TUS| < s+ sg < 2s; Thus for; = (X' X;)~1XTY, we have

for A = y/2log p/n, and by 4.5

~ 2 207 21|
_ < 2 (4 1],|Sl 2
Hﬁl ﬁHQ >~ ||ﬁDH2 ( + Agmn(u‘) + Agnin(u‘)AU,a,p

< No?so | (VI+a+1H2(CH+C)?>+1) [ 1+ 203 20 + 4(1+a)
- ’ o A2 (2s0) ) A2 (2s0) )

Thus the theorem holds fdr; as in @.3) by (4.5), where it holds forr > 0 that

93,230 93,25 1 —09s — T <1
Amin(zs(]) - Amin(zsﬁ) - Amin(zs)
given thatt, o; < 1 — 7 — d25 < Amin(2s) for 7 > 0. O

F Oracle properties of the Lasso

We first show Lemmd.1, which gives us the prediction error usifg,.
Lemma F.1. Suppose thatl.5) holds. We have fok = /(2log p)/n.
1X8 = XBr,lly /vn <V Amax(s — s0)Aay/s0. (F.1)

2/\/5 <
O

Proof. The lemma holds given thq\jtﬁTOc

\V; Amax<3 - 30) H/BTS

We then state Lemm@.2, followed by the proof of Theorer.1, where we do not focus on obtaining the
best constants. Lemnta2is the same ( up to normalization) as Lemma 3.Limdes and Ta(2007).
We note that in their original statement, the UUP condit®assumed; a careful examination of their proof
shows that it is a sufficient but not necessary conditione@ttiwe only need to assume that;, (2sg) > 0
andd,, 25, < oo, as we show below. The proof is included by the end of this@edor the purpose of a
self-complete presentation.

Lemma F.2. SUPPOSE\ in(250) > 0 andfy, o5, < co. Then

, < Aov/so, and | X5 — Xigll, /v = || X8

9

1 980280
h < Xh —2== | hpe
Ihrinlly < sz Xl + g s
Ihs iy < llprglly 32 17K < flbrgll} /50 and thus
k280+1
blly < oo, 13 + 5™ o |
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Proofof Theoremb.1.  Throughout this proof, we assume thgtholds. We usé := [init to represent
the solution to the Lasso estimator ih%); By the optimality of3, we have

1 ~2 1 5
|y = X8|, - 5= 1Y = X85l13 < A 1Bzl = A

7

2 o~ 2 ~
= || X8 - x8||, + 28 - BTXTe + el

L where (F.2)

~[12 ~
[ =B, = o - xB+c

and similarly, we have fofy, = (r,,
1Y = XPoll = 1X8 — X o + el = [1X58 = Xfollz +2(8 — Bo)" X e + lell3;
Leth = B — Bg. Thus by £.2) and the triangle inequality, we have Gp

R 2
2 o IXB=XBol; =+ 2Xu(IBolly = 11+ folly)
n n K
1X 8 — X B2 XTe
< TQ"FQHMH —_— +2)\n(HhT0H1_HhTOC 1>
|X8 — XBoll5
< 2430 hnlh = A [Pl

where we have used the fact that > 2, , , for a > 0; Thus we have off,,

~ 2
HXﬁ - XﬁHQ/rH— An HhTOC

which is also the starting point of our analysis on the orawégualities of the Lasso estimator. Now we
differentiate between two cases.

LS NIXB = XBolls /n+ 3\ |kl (F.3)

1. Suppose that of,, | X3 — X Bol|3 /n > 3\, ||z |- We then have that

—~ 2
HXﬂ . XﬂH2 /4 An || e

L <2]1XB = XBoll3 /n (F.4)

and hence fon,, = dyp Ao, whered, > 2, we have by Lemma. 1,

HhTOC 1 S 2Amax<8 - SO)AUSO/dO S Amax(s - 30))\030.

Now by (F.3), we have
Ikl < 1X8 = XBol3 /(nAn) + 4llhzy
< TIXB - XBoll3 /(3nAn) < TAmax(s — s0)Aaso/(3do) and clearly
IxXnll, < [ XB- X8|, +1X8 - XBolly < (V2+ 1)1 X5 = X6l

By LemmaF.2, we have or{/,,
05 25
Xhll, + A = 5 HhToCH1

1
[hrlly < NV I SR e
/\U\/%@ ((\/54- )+ 50,250/ Amax (s — 30)>

IN

Amin(250) Amin(zs(])
Amax(s - 30) 93 2s Amax(s - 30)
= DM\oy/so, for D=(V2+1 0,250
Ve ( ) Amin(230> Amin(230>
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2. Otherwise, suppose af, we havel| X 5 — X (o3 /n < 3\, ||hz |l thus

—~ 2
| xB - x| /nx0) + [zl < 6z,

and H hTOc

1 <6 HhTo

1» Which under theR E (¢, 6, X') condition immediately implies that

1Ay lly < K (s0,6) [ XA, /v/n. (F.5)
The rest of the proof is devoted to this second case.

We useK := K (s, 6) as a shorthand below. B¥.@), we have ort,,

~ 2
HXﬁ - XﬁHQ/n + A\ HhTOC

= IX8 = X Boll3 /m

3K \,\/S
< 3\l < 3\ i, < S XA, (b (R9)

SKAn\/%HXB—XﬂHQ+3K)\n\/%||Xﬁ—Xﬁ0||2/\/ﬁ (F.6)
< KA/ X6 — Xbolly /v + || X = X5 n+ 3K A5,

from which the following immediately follows: fok,, = doAo > 2), . ,, We have

A

||

S X8 = XBoll3 /(ndn) + 3K /50 | X8 = XBolly /v + (3K/2)*Anso
(168 = XBolly /v/ha + (3K/2)3/Aso) = Didoso

whereD) = (\/Amax(s — $0)/do+3K (s0,6)v/do/2)?. Similarly, we can derive a bound ¢, from (F.3);
we have ort/,
~ 2
| X8 = X8| /m+ xa b |, + A iy 1y = X8 = XBoll3 /m < 42 Iz,
<4 Anv/sollhnylly < 4K /50 | XAl /v/n (by (F.5)
~ 2
< AR IXB = Xfolly /v + | XB = X8| /n+ 2K /50)?

Hence it is clear that fok,, = doAo > 2), , ,, We have by Lemm&.2, on7,,

Ihll; < 1XB = XBoll3 /(nAn) + 4K /30 | X B — X Bolly /v/n + 4K N0

2
= (HXﬁ — XBolly /v 1Ay + 2K v/ )\ns(]) = Dy )osg

~ 2
whereDsy = (v/Amax(s — s0)/do + 2K (s0,6)+/dy)?. Now we derive a bound fcﬁXﬁ - XﬁH2 /n; our
starting point is £.6), from which by shifting items around and addi® \,,\/s0)? to both sides, we obtain

| x5 - XﬁHz = 3K /55 || X5 = XB|| v+ (BN y/50)? + A g
< 18— XGoll3 4+ 3K Ay X5 — Xolly /vt + (BE /502

1
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Thus we have fol,, = doAo > 2X, 4,
1 ~ 3K A\,\/So 2
—|x3-x H i il n ||z

and hence

< (I1XB = XBolly /v + 3K Aiv/30/2)°

|XB-x8|,/va < 1XB=XBolly /i + 3K N5 (F.7)
Aoy/50 (\/Amax(s — 50) + 3do K (so, 6)) .

by LemmaF.2. UnderRE(sg, 6, X ) condition, we have byR.7)

IN

Il < Ks0,0) 101 v < O (15 - X6, + 15 - Xl

< K(s0,6) (21 X8 — XBolly /v/n 4 3K (s0,6)An\/50)
< Ao/50K (50,6)(2¢/Amax (s — s0) + 3do K (s0,6)).

Let T be thesq largest positions of outside ofly; Now by a property as derived inthou (20099 (Propo-
sition A.1), we also have fok™ := K (s, 6).

HhTm H2 < 2/71K<8(), 6) ||XhH2 < Aoy 280K<2\/Amax<8 — 8()) -+ 3d0K) < DO/\O'\/%
Moreover, we have by Lemnfa2,
~ 2 ~
-], < 2[5p-sn
Q(HhTm Hg -+ HhTOc T/SO) + 2)\20'280 < 2)\20'280<D3 + D% + 1)
We note that%.1) holds given E.4) and §.7). O

Remark F.3. We could have boundéfh,, ||, for the second case also by Lemima; we take the form
here for simplicity.

A

2
Lt 218 = Brll3 < 2[1hll; +2X%0%s0

IN

Proof of LemmaF.2 Decomposéurg, into hr,, ..., hr, such thatl; corresponds to locations of
the so largest coefficients ol in absolute values, arith corresponds to locations of the nextlargest
coefficients othOc1 in absolute values, and so on. Létbe the span of columns df;, wherej € Tp;, and
Py be the orthogonal projection onid. Decompose’y X h:

PyXh = PyXhg, +Y PyXhr, = Xhy, + Y PyXhy,, where
j>2 j>2

\/_es,s
|PvXhall, < =50 b, and 3 [lazy I, < [1has
j>2

,/V/50

seeCandes and Ta(2007) for details; Thus we have

|Xhzylly, = |[PvXh—=> PyXhy|| <|PvXhl,+|> PyXhr,

j=2 j=2

2 2

IN

\/HQSO 250
Xhl|l, + g Py Xhr |, <|Xhl|,+ : hpe
H H2 i>2 H v TJHQ H H2 Amin(ZSO)\/% H TO‘

1 Y

32



where we used the fact thaPy ||, < 1. Hence the lemma follows givefhr,, ||, < m | X Ay, |-

For other bounds, the fact that ti¢h largest value ofire obeys\hTOc ®) < HhToc | /k has been used;
seeCandes and Ta(2007). O

G Proofs for Lemmas in Section6

Let A = y/2log p/n. By definition of sy as in (L.14), we have} ?_, min(87, \20?) < spA?02. We write
0= ﬁ(ll) + 5(12) + ﬁ(Q) where
5](11) = Bj - li<j<aos @02) = B lagej<so: and B2 =g; - 1oy,
Now itis clear thab ", min(57, \*0®) = agA’s* and hence
2
Z min( ]2,)\202) = Hﬁ(u) + ﬁ(Q)HQ < (so — ag)\?c?, (G.1)
Jj>ao

Proof of Lemma6.1 It is clear forD;; = D N Ay, we haveD;; C Ay € Ty C S. Let ﬁgl) =
(B;);eA,np consist of coefficients of that are aboves in their absolute values but are droppedagir <
to. Now by (G.1), we have

oo < 52+ 302+ . < 7]+ o i,
where|D;;| < ap and thus we have by the triangle inequality,

11 11
1887, < 8oy + ||Bovsime — 85|, < tov/ Pl + oy
< toyag + ||hp1lly; (G.2)

Hth ||§

Thus 6.2) holds. Now we replace the bound|@%;| < ag with |Dy;] < R am—
min, A

in (G.2) to obtain

(11) < "hDII H2 /Bmin,A()
Bp <toz— 0
2 ﬁmin,Ao — 1o ﬁmin,Ao — 1o

which proves §.3). O

+ HhDuHQ = HhDuHQ

Proofof Lemma6.2 SupposeZ, N Q. holds. It is clear by the choice of in (6.5 and by 6.4) that
minie A, Bi > Bmin, Ao — ||P40 |l = to @ndDy; = 0. Thus by 6.5), we can bound! N 7|, depending on
which one is applicable, by N T§| < || Brg init||,/to < 5o or by [T N T| < HgToc,mH;/tg < 5. Moreover,

~ 2
the bounds mﬂﬁl — ﬁH follows immediately from Lemmad.3, on event7,, Where@ﬁ,| ISp| is bounded in

Lemmab.4given|I| + |Sp| < s+ [INT§| < s+ 59 < 2s. O
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