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SUMMARY

We consider a cross section model that contains an individual component, a deterministic time
trend and an unobserved latent common time series component. We show the following oracle
property. The parameters of the latent time series and the parameters of the deterministic time
trend can be estimated with the same asymptotic accuracy as if the parameters of the individual
component would be known. We consider this model in two settings: least squares fits of linear
specifications of the individual component and the parameters of the deterministic time trend
and, more generally, quasi-likelihood estimation in a GLM model.

Some key words: cross sections; linear models; latent time series models; Generalised Linear Models.

1. INTRODUCTION.

Often time series data do not directly lend itself to a classical time series analysis, because
the time series of interest is unobserved. In econometrics one finds recent extensions of classi-
cal panel data models where the calendar effects are not just in-sample parameters, but they are
modeled as genuine time series to allow future forecasts. See for example the recent study of
Linton et al. (2009) that also gives a short review of panel data in this particular context. Linton
et al. (2009) adds a latent time series to a standard nonparametric regression problem and show
that under certain assumptions one can analyse the estimated latent time series in exactly the
same way as if it had been fully observed from the beginning. In this paper we will consider a

We thank two anonymous referees, the associate editor, and the editor for very useful comments. We are grateful to Dirk Anton-
czyk and Stefanie Schifer for excellent research assistance in compiling the data used in example 1. The research of this paper
was supported by the German Science Foundation (DFG) in the framework of the DFG-SNF Research Group FOR916: Statitical
Regularization and Qualitative Constraints. Inference, Algortihms, Asymptotics and Applications.
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broad class of parametric models with latent time series and we will show the analogous oracle
property. One motivation for our analysis comes from an econometric labour market application
with an additional identifiability issue arising in demographical age-period-cohort models. In
demography the principle of a latent time series has long been used in mortality estimation and
prediction, in particular since the appearance of the two important papers Lee & Carter (1992);
Carter & Lee (1992) that first consider the in-sample mortality model in two steps. After the
in-sample parameters have been estimated, the estimated calendar effect is redefined into a time
series and is analysed as such. In this paper we prove for the first time that under certain regu-
larity assumptions this procedure is indeed valid also when the latent time series is incorporated
into the model from the outset. While Lee & Carter (1992); Carter & Lee (1992) only consid-
ered calendar and age effects on the mortality, recent mortality studies are also modeling cohort
effects, see for example Cairns et al. (2009) and compare also our labour market example. This
adds two important issues: identification of the model and designing forecast procedures. The
identification issue arises because the calendar time is a simple addition of cohort year and age.
The forecasting issue arises from the fact that the forecast can be poorly specified even when in-
sample parameters are fully identified. Kuang et al. (2008a,b) did consider these two problems.
In this paper we consider one important version of the age-period-cohort model and show that -
after proper identification rules - one can estimate the calendar effect and forecast it as if the cal-
endar effect had been fully known from the beginning. For some related nonparametric models,
see Park et al. (2009) and Linton et al. (2009). While the full model formulation approach has
been used in many practical papers for some time in demographics and actuarial science, see e.g.
Lee & Miller (2001), Renshaw & Haberman (2003a,b), Wong-Fupuy & Haberman (2004) and Li
& Chan (2005), this approach has only recently found its way into econometrics and empirical
finance, see Park et al. (2009) and Fengler et al. (2007). We develop our model in three steps. In
Section 2, we consider a linear time series cross section model

Yie = X3 B+ (Z5,0) (W] v + ne) + €t (1)

with an obvious notation that will be specified in Section 2. In Section 3 we introduce our gen-
eralisation to the framework of generalised linear models by introducing the link function G :

Vi = G{X} B+ (ZLO) (W v+ )} + e, )

notational details follow in Section 3. Our leading example of this model is reserving in non-
life insurance. The oldest and most celebrated actuarial reserving model is the so called Chain-
Ladder model. Only recently the stochastic properties of this model has been investigated, see
England & Verrall (2002) for a review. However, while the non-life actuarial literature is con-
cerned about modeling the calendar time effect, there is no real solid theory around this, see
Zehnwirth (1994) for an early attempt. Our model in Section 3 combines the traditional Chain-
Ladder approach with a well defined time series analysis of the calendar effect. In Section 4, we
consider our final and most general model:

Yi=G {hﬁ (Xit) + 90 (Zit) (¢tT’Y + Ut)} + €it, (3)

where hg and gp are parametric families of functionals. This last model has the Lee-Carter model
as a special case and it can for example also serve to modify the applications of the models (1)
and (2).
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2. ESTIMATION IN LINEAR MODEL TIME SERIES.

We consider the following cross section model
Yie = X5 B+ (Z5E0) (W] v +m) + e )

for 1 <t <7T,1 <4< I. For simplicity of notation, we assume that the upper limit / of indi-
viduals ¢ does not depend on time ¢. We observe the response Y;; and the random covariables X;;
and Z;;. The vectors 1), are deterministic covariates to model the time trend. The process 7, is a
common unobserved latent time series. We consider estimation of the time trend parameter + and
parametric fits for the time series structure of the process 7;. The parameter [ is the regression
parameter. We suppose that the first element of Z;; and 6 is equal to one.

EXAMPLE 1. We use German labour market data grouped by year and age for the time period
1980 to 2004 analogous to Fitzenberger et al. (2001); Fitzenberger & Wunderlich (2002)." We
analyze annual observations of log median real wages (deflated by the consumer price index)
for medium—skilled male workers who work full-time.> We measure the age—year group specific
unemployment rate as the share of benefit recipients among all observations. We model log
wages as a function of separable age, cohort (year of birth), and year effects as well as the the
unemployment rate:

Vit = + & + ki—i + U B+ e

with Vj; log median wages, U;; unemployment rate, ¢ age, ¢ time, { — ¢ cohort. Here, o, k¢—;
and [ are parameters, &; is a time series. The aim is inference on the dynamics of &. Note
the identification problem arising from the linear relationship between age, cohort, and year.
Therefore, we focus on the second differences:

Yit = Vigr442 — Vier1 — Vig1,e41 + Vies
Xit = Uir1t42 — U1 — Uipr441 + Usg,
€it = €i+1,t42 — €it+1 — €it1t+1 T €it,

pt = St — 2841 + &t

For these second differences, the parameters a; and x;—; cancel out and it holds that’
Yie = XJB+ e + €ar.

This is an example of model (4) in the paper. Our proposal is to treat in a first step p; as a
parameter and to estimate yp; and 3 by least squares. We estimate the first and second order
autocorrelations of y; to be 0.007 and -0.493, respectively. Further investigations via augmented
Dickey Fuller tests suggest that the cumulated process of p; is trend stationary whereas the
cumulated process of the latter is not stationary. This suggests that the original process &; is 1(1).
The coefficient of the unemployment rate 5 is estimated to be .097 with a heteroscedasticity
robust standard error of .042. This significantly positive effect of unemployment suggests an
inverse labor demand relationship across age groups, see Card & Lemieux (2001). Finally, a
regression of p; on the first lag of the second difference of the log gross domestic product in
West Germany plus an intercept yields a significantly positive coefficient of .342 suggesting

! The data stem from the IABS (IAB employment subsample). The IABS involves a 2% random sample of employees who partic-

ipate in the German Social Security System. The data involve information about spells of benefit receipt which we use as proxy
for unemployment. Although the data set starts in 1975, before 1980 the information on benefit receipt is incomplete.
Medium-skilled workers have a completed vocational training (apprenticeship) degree and no university degree, see Fitzenberger
& Wunderlich (2002). This skill group comprises the majority of all workers.

Analogously, we could take the second order differences Yi; = Vita,¢41 — Vig1,t — Vig1,¢41 + Vig to eliminate & and p;—;
(or Yy = Vie11 — Vit — Vig1,e41 + Vig1,e to eliminate & and ;) in order to estimate the age (or the cohort) process.
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Fig. 1. Estimates for i, by year ¢
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strongly procyclical behavior with a lag of one year (we find no significant effect of the second
difference in the same year). ([

EXAMPLE 2. Our general model (4) (with covariates Z;; and parameter ) can be used in
a labor/health study, where health outcomes depend upon “macroconditions” (i.e. v; and 7;)
interacting with workplace conditions Z;;. For instance, when workers do a lot of overtime in a
cyclical boom, then stressful jobs (jobs requiring a lot of flexibility of the worker) may result in
worse health outcomes. Differently, if recessionary periods increase the fear of unemployment
for certain types of workers, this may make their health worse. See also Portrait et al. (2010) for
a related empirical analysis with a long cohort dimension, for which the cohort process could be
modelled as a time series (see footnote 3). O

For our model (4), we propose to estimate 5 and «y by least squares. Our main result is to show
the following oracle property. Asymptotically the least squares estimator of v and estimators of
the time series parameters of 7, work as well as if the nuisance parameter 5 would be known.
We put

p =Pty + s ve = Oy
and we consider the following estimator of 5 and fit of 1

(B,0) =argmin > (Y — X[ B— Zhw),

sVt .
1<i<I1<t<T

(6.7u) = argmin 3" [Z] (0~ O], 5)
M i< I<t<T

where the second argmin runs over vectors § with first element equal to one. The time trend
parameter -y is estimated by least squares

y=argmin Y (@ — /)% 6)
T oi<e<r

Fits of the time series model for 7; are based on the estimation of its autocovariances for 2 > 0
T—h
~ -1 PPN
pn=T"> Wiflesn (7
t=1

with 7, = iy — ¥y. We assume that
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5

(A1) The variables &; have conditional mean zero F[e;|X] =0 and they fulfill
the following conditional dependence condition: |Elfeje;s|X| < A(li —j|,|s —t]),
|Enunveitejs| X < A(li — 4], [s —t]) 1 <4,5 <I,1<wu,v,s,t <T)forafunction A
with 37, .~ A(Z, ) < co. Here the conditioning variable X" is equal to Xz, Zi 1 1 < i <
I,1<t<T).

(A2) The process (n;) is mean zero and the terms T-1/2 Zf:_lh Vitpan, » T2 ZtT:_lh Uy p Mt
(with h > 0) and T~* Zthl n? and (T~! Zthl n?)~tare (absolutely) bounded in proba-
bility.

(A3) It holds that I, T — oo and T = o(I?).

(A4) The matrix 7717715 .. 11<t<T XuX I converges in probability to a matrix I" that has
full rank. Here, )?Z; is the vector X;{ - ZZ{A;lI_l ZJI':1 thXjTt and A; is the matrix
I! ZJI-:1 thZ};. The norm of the elements of matrices ! Zlgz’gl ZuXEfor1<t<
T and I~* > 1<i<s ¥+ Xi: are uniformly bounded in probability. The operator norm of A
and A, ! is uniformly stochastically bounded.

(A5) The covariables 1; may depend on T and it holds that 7= 3", ., .7 ¥pf converges to a
matrix ¥ that has full rank.

We compare 7 and pj, with the following theoretical oracle estimators:

T -1 7 T—h
7= (Z 1/’#/’?) Z Vet pp="T"" Z T Nt+h-
t=1 t=1 t=1

Our main result is that the difference between 7 and 7 and the difference between py, and py, is
asymptotically negligible. This means that asymptotically the least squares estimator of + and
the estimators of the time series parameters of 7; work as well as if the nuisance parameter (3
would be known. These oracle properties are stated in the following theorem.

THEOREM 1. Under assumptions (Al) - (AS), it holds for h > 0

7 =7 +o0p(T7Y?), (8)
Pn = pn + op(T™Y?). )

The basic argument in the proof of this theorem is to show that ji; — p; is asymptotically
equivalent to a weighted average of the error variables €;;. In the calculation of the least squares
estimator of ~y and of the empirical autocovariances this term is averaged such that it does not
contribute to any first order differences for these estimators and one gets the asymptotic equiv-
alences (8)-(9). Our model contains as a special case that Zg 6 = 1. Then the theorem holds
without the assumption T = o(I?) and it is only required that I, T — oc. In the general model

the additional requirement 7' = o(I?) is needed to control the rate of 69— 0.

3. ESTIMATION IN GLM TIME SERIES.

We now come to the discussion of estimation in GLM models with latent time series compo-
nents. Now we assume that

Yie = G[X3, B+ (Z30) (] v + ne)] + €it (10)



241
242
243
244
245
246
247
248
249
250
251
252
253
254
255
256
257
258
259
260
261
262
263
264
265
266
267
268
269
270
271
272
273
274
275
276
277
278
279
280
281
282
283
284
285
286
287
288

6

for 1 <t <T,1 <¢< I The function G is a known link function. Again, we observe the re-
sponse Y;; and the random covariables X;; and Z;;. As above, the vectors i; are deterministic
covariates to model the time trend and we put p; = 1/ v + 1 and vy = Opuy.

EXAMPLE 3. Consider the case where Yj; is the number of claims in an insurance portfolio
and where X g 5 is the sum of two functions. The first function depends on the underwriting year
1. The second function depends on the development period ¢ — 7, i.e. the time it takes for a claim
to develop to the point ¢ where the claim is reported to the insurance company. If the sum of these
two functions is modeled as a spline function with a finite number of knots the spline parameters
are given by 3. The development period can often be several years, in personal accidents up to
20 years, and this is of course a challenge to the insurance industry to prudently account for
this econometric assessment. Without the calendar effects this model exactly amounts to the
celebrated Chain-Ladder model when G is the exponential link function. For many companies
the value of such outstanding liabilities is several time the market value of the company. This
illustrates the importance to keep improving the econometric methodology of this problem. Our
model above gives for the first time a way to assess the Chain-Ladder type of regression estimates
along with consistently and well defined time series effect that can be analysed as a standard time
series. For a review on Chain-Ladder type models and their extensions, see England & Verrall
(2002). For a recent extension of the chain-ladder model allowing for calendar effects see Kuang
et al. (2008a,b) that derive the nontrivial rules of identification and forecasting in this context. [J

EXAMPLE 4. Similar to the analysis of wages in example 1, Fitzenberger & Wunderlich (2004)
investigate age, time, and cohort effects in labor force participation by females in both West
Germany and the United Kingdom. This analysis could be implemented by estimating a GLM
time series model using a probit or logit link function. It is important to estimate the time series
dynamics in labor force participation of females (apart from cohort effects) in order to analyze
the contributions in the pay-as-you-go social security system or the need for child care. U

For the theoretic discussion of GLM Time Series we need the following additional assump-
tions:

(A6) It holds that

sup [0 — vl| = op(T~ /),
1<t<T

18 = Bl = op(T~1/%).
(A7) The estimators are approximate solutions of the following score equations
sup (171 37 [Yie — Gl |w(iia)| = op(T711),
1<t<T 1<i<l

Tt Y Vi = Gla)lw (i) Xi = op(T71).
1<i<I,1<t<T
Here, m;; = Xg B\ + Zg; 7; and w is a weighting function.

Examples for estimators that fulfill (A7) are quasi-likelihood estimators in generalised linear
models (GLM). For a positive function V' the quasi-likelihood [QL] function is defined as

y
Q(1;y) = [ (s —y)V(s)~ ! ds where 7 is the (conditional) expectation of Y, i.e. in our case
T
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7= G{XTB + ZTv}. The quasi-likelihood estimator fulfills the two equations in (A7) with
w(u) = G'(u)/V[G(u)]. In particular, the equations hold with the right hand sides replaced by
zero. In the next assumption we assume that w has bounded support. This simplifies the asymp-
totic discussion but allows only truncated versions of quasi-likelihood estimation.

(A8) The functions GG and w are twice differentiable and have a bounded second derivative. The
weight function w has a bounded support.

We conjecture that (A8) could be weakened to allow a sequence of weight functions with in-
creasing support or even to allow weight functions with unbounded support. But in both cases,
one would need rather technical tail conditions. These theoretical discussions are out of the scope
of this paper. In applications we would propose to use the quasi-likelihood estimator that corre-
sponds to a weighting function with unbounded support.

As in the last section, the time series y; and the parameter 6 is estimated as in (5). The trend
parameter ~y is estimated by least squares (6). Again, we consider fits of time series models for
7; that are based on the estimation of its autocovariances py, for h > 0, see (7). We compare 5
and py, with their theoretical oracle estimators 7 and py, that are defined as in the last section. We
now state an oracle property for the GLM time series model.

THEOREM 2. Under assumptions (Al)—(A8), it holds that 7 =~ + op(T~Y?) and py, =
pn + op(T~Y2) (for h > 0).

4. GENERALISED TIME SERIES REGRESSION
We now come to a short discussion of a generalised time series model:

Yie = G {hg (Xut) + 96 (Zir) W v +m)} + €.

The model is as in Section 2 but with the extension of our introduction of two parametric families
h B and go.

EXAMPLE 5. The celebrated model of Lee & Carter (1992) and Carter & Lee (1992) is a
special case of this model. Notice that our more general model formulation leave the applied
statistician with the opportunity to challenge Lee and Carters original model with various modi-
fications of it. For some recent literature estimating the Lee-Carter parameters based on poisson
regression, see Brouhns et al. (2002) and see Cairns et al. (2009) for recent modifications of the
Lee-Carter structure that is also contained in our model framework. For recent applications of
this type of models to the financial construction of survivor linked bonds, see Blake et al. (2006)
and Dowd et al. (2006). None of these papers contain a full model structure, where the time
series structure is incorporated into the model framework from the beginning. The formulation
of this full model structure is therefore a contribution of this paper. ]

5. PROOFS.

Proof of Theorem 1. First note that
-1

B-p=|T7r7t Y XpXT| Tt > Xpew, (D)
1<<T 1<t<T 1<i<I1<t<T
Dp—ve =T AN YT Zyew — AN Y ZuXE (B - B). (12)

1<i<] 1<4i<]
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It can be easily checked that E[HB—ﬁ||2|X]:Op(T_II_1) and thus HB—BHZ
Op(T~1/21~1/2). Because of (A4) and (A5) this implies that

sup [0 — vy — TP AN D Zueu| = Op(I7V2T712), (13)
1<t<T 1<i<I

Tt Ny XE(B-B) = 0p(I73).

1<i<T 1<t<T

7
> 1<icra<i<rlZis (Ut — v¢)]?. This bound and (13) can be used to show that 0 —0=0p(I"/?)
and 771>, o, o (fir — pe)* = Op(I™1). With these expansions one can approximate the score
function that is given by the derivatives of the left hand side of (5) with respect to 6 and ;.
After some algebra one gets that 6—0=0 p(T‘l/ 2 4 I1) where the rate I~! is a quadratic
approximation error coming from the above bounds of order Op(I~'/2) for § — 0 and Ji; — puz.
This bound and the linearized score equation can be used to show that

fie — e =T PT70 > wiei + Op(61) (14)
1<:<T

From the definition (5) we get that I Y, (D1 — fi)* < Zlgig[,lgtST[Z'T(ﬁt — 02 <

with wy, = (07 Zi) /(07 A0) and &, = (T~ Y2112 4 T2 (1 4 ||Dy — we|| + ||p2e]]). For claim
(8) we have to show

T
712 Z V(1 — p1e) = op(1). (15)

t=1

For the proof of this claim note first that, because of (14), T-1/2 Zthl (e — ) =
T=Y2I7 S0 icra<ier Yy + Op(I71/2). Because of (A1), (A4) and (AS5) the right hand
side of this equation is of order Op(I~1/2). This shows (15). Thus, (8) is shown.

We now show (9). We have to show for h > 0 that

T—h
T2 (0 —pn) = T2 ([l — 0 Allfesn — UEenA) = memern) = op(1).
=1
For this claim we will show
T—h
TN (e — 675 — me) = Op(T/% 4 17177), (16)
t=1
T—h
T2 " my(fiegn — VA — negn) = Op(T72 4 1712), (17)
=1
T—h
T2 Z(ﬁHh — L = ) (e = Of 7 —m) = Op(T 2+ 1717%). (18)
=1

Now, because of (14), we have that uniformly for 1 <¢<7T the following ex-
pansion holds: fe — Yy —my =171 Z1gz’g1 witgit — i (Y — ) + Op(dy). Us-
ing this expansion, it can be easily seen that (16) and (17) follow from (A3)
and 5 -y =0p(T7V2), T2V S nawieinin = Op(I712T1/2)  and
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7121t Zf:]h ZLI Neanwites = Op(I~1/2T=1/2). Note that the latter expansions
follow from (Al).

For (9) it remains to check (18). This can be done by showing
TP LG =l (=) = Op(T™2), TV S S ead) (3~
7) = Op(IV2T42), TR S et (= 9) = Op(I7VAT12), - and
T-1/21-2 ZZ;}L ZiI:I ZJI':1 eirnejt = Op(I~1). These expansions can be shown by using
(A1) and (AS). This completes the proof of (9). O
Proof of Theorem 2. By expanding the score functions in (A7) we get stochastic expansions
of B — B and 73 — v where the first terms are weighted modifications of the right hand side of
(11) or (12), respectively. These expansions are of order OP(T_I/ 2). To get these expansions,

one applies that || = B||? and |7y — 14|? are of order op(T~'/2), see (A6). The further proof of
Theorem 2 can be carried out by similar arguments as in the proof of Theorem 1. U
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